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Abstract 

We survey the theory of Mucnik (weak) and Medvedev (strong) degrees 
of subsets of "lj with particular attention to the degrees of II? subsets of 
^J ■ "2. Later sections present proofs, some more complete than others, of the 

major results of the subject. 

rd 
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1 Introduction 

The formal introduction of the notion of Medvedev reducibility and the asso- 
ciated notion of Medvedev degree was in [27] in 1955, but the idea had been 
£> ' around already for some time; it may have been first suggested by Kolmogorov as 

^^O , a possible way of modeling the Intuitionistic Propositional Calculus. Similarly, 

the notion of Mucnik reducibility dates formally from [28] but was probably 
known earlier. Medvedev reducibility was treated briefly in Hartley Rogers' 
influential text |30j . and both notions were studied by a small number of So- 
viet mathematicians in the period 1955-1990, but they produced only some 10 

^^ ' articles and the subject seemed firmly in the backwater of logic. 

Attention picked up with Sorbi's Ph.D. thesis and the series of papers ema- 
nating from it in the early 1990's. The most important event in revitalizing the 
subject was Simpson's suggestion in a posting [33] in the online forum FOM in 
1999 that the degrees of H® subsets of "2 constitute a natural generalization of 
C^ ' the Turing degrees of recursively enumerable sets of natural numbers. In the 11 

years since there has been a steady growth in the field to the point that it seems 
worthwhile to collect together some of the most important results in a unified 
way for the benefit of a researcher new to the area. 

We structure this survey as follows. Sections 2-6 describe important aspects 
of the theory with full definitions and proofs of some of the simpler results. 
Major results are designated Theorem A etc., and in Sections 7-16 we give 
relatively complete proofs of many of these. For the others we provide outlines 
of proofs and/or references. 

Mucnik and Medvedev reducibilities are built on Turing reducibility and for 
the most part we will assume that the reader knows the basics of Recursion 



(Computability) Theory as contained, for example, in the first six chapters of 
[38] or the first two sections of Chapters IV and VIII of [16] . Our notation will 
generally conform with this standard, but we mention here some of our most 
important conventions, ^uj is the set of all functions / : w — > uj and u k is the set 
of those with all values in {0, . . . , k — 1}. <UJ ui ( <u k) is the set of finite sequences 
of natural numbers (< k), and m ui ( m k) is the subset of these of length m. For 
a G <u ui, \<t\ and lg(<r) both denote the length of er, a — (<r(0), . . . ,er(|cr| — 1)), 
and a^ f G u ui is defined by 

{ J){) \f(i-W\), otherwise. 
Similarly, a^r is the obvious finite sequence of length |er| + \r\. For P C u ui, 

a-P~{a-f:f€P} 
and a C f (er C r) express that er is an initial segment of / (of r). 

We assume given an indexing ( { a } : a G u ) = ($„:86w) of the partial 
recursive functionals; if $ = {a}, then $(/) is the partial function also denoted 
{a} such that for all m G uj, $(/ )(m) ~ {a} (m). We assume also some precise 
notion of a computation {a} s (m) being completed in at most s steps and there- 
fore depending on at most the finite initial segment / \ s := (/(0), . . . , f(s — 1)) 
of /. {aY s denotes the longest finite sequence ({a} s (0), . . . , {a}l(n — 1)) such 
that all of the indicated values are defined. For a 6 <lj uj, {a} a :— {a}/^ for 
some (any) / D a. If $ — {a}, then $(<r) denotes the finite sequence {a} a . 
For P,Q C u uj, $ : Q — » P means that for all g £ Q, $(g) is a total function 
belonging to P. In such a case, $(<5) := { $(5) : g E Q }. With slight impreci- 
sion, we also think of ( { a } : a G w ) as an enumeration of the partial recursive 
functions and in particular, (W a : a £ui), with W := Domain({a}) an enu- 
meration of the recursively enumerable (r.e.) sets along with their finite stage 
approximations (W a , s : a, s G uj). 

Many of the results below involve partial orderings, lattices and Boolean 
algebras; although these will be familiar to almost all readers, we introduce 
here some or our conventions and notations. A partial ordering is always a 
structure *p = (P, <) such that < is a reflexive, transitive and antisymmetric 
binary relation. A partial ordering £ is a lattice iff each pair a,b G L has a 
greatest lower bound or meet a Ab: 

(Vx G L) [x < a and x < b <==^~ x < a A 6], 

and a least upper bound or join a V b: 

(Vx G L) [a < x and b < x <^=> a V 6 < x.] 

In this case we may expand the signature and write £ = {L, <, V, A), but often 
we write simply £ = (L, V, A) with the understanding that a < b is the relation 
defined by the equivalent conditions 

a = a A b <=> a V b = b. 



£ is an upper (lower) semilattice iff joins (meets) but not necessarily meets 
(joins) always exist. 

A lattice £ is distributive iff it satisfies, for all a, 6, c <G L, 

a V (b A c) = (a V b) A (a V c) and a A (b V c) = (a A b) V (a A c), 

and bounded iff it has a least element and a greatest element 1. For any 
finite set A — {ao, . . . , a-k-i } - £, we write 

IK A for a A • • • A a^-i and M A for ao V • • • V a^-i 

with the convention that A = 1 and \JI = 0. 

A Boolean algebra is a bounded distributive lattice on which there exists a 
unary operation complement such that 

a A -n a = and a V -n a = 1 . 



2 Global degree structures 

For comparison, we think of Turing rcducibility in the following form: for f,g£ 

where $ ranges over the partial recursive functionals. Then 
Definition 2.1. For F,QC "w, 

^wQ^ (V.9 e Q)(3f eP)f< T g 
^ (Vo e Q)3$[$(g) 6 P], 

and 

P <s Q ^ 3$ [$ : Q -> P] 

«=► 3$(Vg e Q)[$(s) e P]. 

The relation < w is known both as Mucnik or weak reducibility and < s is 
known as Medvedev or strong reducibility. Recent authors have tended to 
favor the terms weak and strong because of the unfortunate fact that the two 
names begin with the same letter, and we shall follow this lead. The two notions 
are related by the observation that strong reducibility is the uniform version 
of weak reducibility. 

The intuition behind these relations is to regard P C u ui as a "problem" and 
each / 6 P as a "solution" to the problem. Then P < w Q iff every solution to 
Q computes a solution to P and P < s Q iff there is a uniform effective method 



$ to compute from any solution to Q a solution to P. In each case Q is at least 
as hard to solve as P. 

For example, the empty set is the unsolvable problem, any set P with a 
recursive element is an effectively solvable problem, and a singleton set {/} is 
a problem with a unique solution. More interesting examples that will be of 
interest below are: 

• for any disjoint sets A, B C uj, 

Sep(A,B) :={C:ACCCB}, 

the problem of separating A and B. Here, B = to \ B and as usual, we 
identify a subset of u> with its characteristic function; 

• for a first-order theory T in a Godcl-numbered first-order language, 

CpEx(T) := { U : U is a complete extension of T}, 
where we identify U with { gn(0) : (f> EU}; 

• for a graph Q = {uj, E), 

Co\ k (G) := { / e "k : f is a fc-coloring of Q }. 

For P C w w, let 

P^:={j:(3/gP)/< T j}, 
the upward Turing closure of P. Then directly from the definitions we have 
Lemma 2.2. For any P,QC u w, 

P3Q^P< S Q^F< W Q^P^DQ. □ 

Recall that Turing degrees are the equivalence classes of / G "w under 
Turing equivalence: 

f =t g :^=^ / <T g and 9 <t /; 

dg T (/) : = {g--f=rg}; 

dg T (/) < dg T (.g) :^=^ / <t 5; 

D T := {dg T (/):/e w u;}. 

Simply because <t is a preordering (transitive and reflexive), it follows that 
=t is an equivalence relation and the ordering induced on Dy is a well-defined 
partial ordering. Since each of < w and < s is also a preordering, the same 
considerations apply to 

P =. Q :^=^ P <. Q and Q <. P 

dg.(P) := {g : p=. g} 

dg.(P) <. dg.(Q) :^^ P<. g 

D. := {dg.(P):PC"co}. 



where P,Q C "w and • may be either w or s. 

Dt is an upper semi-lattice with the join operation 

dg T (/) Vdg T (.g):=dg T (/V ff ) 

where 

( f(x), ifi = 0; 

(fVg)(2x + i):= \ J ' ' 

l5W. it « = 1. 

Dt has smallest element Ot = dg T (0) but has no largest element and is not 
a lattice. 

In contrast we have 
Proposition 2.3. O w and D s are bounded distributive lattices. 

Proof. For P, Q C w w, set 

dg.(P)Vdg.(Q):=dg.(PVQ) and dg.(P) A dg.(Q) := dg.(P A Q) 
where 

P VQ :={/ V. 9 :/ePand.geQ} and P A Q := (0)~P U (1)^Q. 

Proofs that these are least upper bound (join) and greatest lower bound (meet) 
operations are all simple computations, so we give only two examples. To see 
that P A Q is the greatest lower bound for P and Q, note first that the re- 
cursive functionals / n> (0)""/ and g M> (l)""g witness that P A Q < s P and 
P A Q < s Q. If P is any other < s -lower bound to P and Q witnessed by re- 
cursive functionals $ : P ^ R and * : Q ->■ P, then if 0((O)^/) := $(/) and 
e((l)-~\g) := *(.g), 9 : P A Q ->■ P, so P < s P A Q. The argument for < w is 
similar. 

Both lattices have smallest element 

0. := dg.({ / : / is recursive}) 

= dg.(P) for any P with a recursive element, 

largest element oo. := dg.(0), and satisfy the distributive laws. Again the 
proof is entirely straightforward; for example, for any q 6 D s , S < q, because 
if P G S has a recursive element /, then the recursive functional with constant 
value / maps any Q £ q to P. □ 

In the language of problems, members of P V Q are functions which encode 
solutions to both of P and Q, while members of P A Q are solutions to one or the 
other of P and Q. Note that for weak reducibility we have also P A Q = w PUQ, 
but the proof for < s above breaks down without the 0-1 coding. 

Recall that Dt has cardinality 2 N ° because there are only countably many 
partial recursive functionals, so Turing degrees are countable sets. However, 



Proposition 2.4. B w and D s have cardinality 2 2 and indeed contain an an- 
tichain of that size. 

Proof. This follows from two elementary facts from recursion theory and com- 
binatorial set theory: 

(i) {3R C u u>) Card(P) = 2*° and / ^ g € R =>■ / | T g; 
(ii) Vk (3X C p(k)) Card(;f) = 2 K and (VX, F e A") X |g F. 

Then by (i) P, Q C R =^> [P <. Q ^=> Q C P], so by (ii) there exists A 7 C 
p(P) with Card(A") = 2 2 *" such that P, Q G X =*• P |c Q =*► P|.Q. D 

There are several simple relationships among these (semi-) lattices. 
Proposition 2.5. 

(i) There is an upper semi-lattice embedding of By into each of D w and D s 
i/iai respects the least element; 

(ii) i/iere is an upper semi-lattice embedding of B w into D 5 t/iat respects both 
least and greatest element; 



(hi) \34\ Remark 3.9] H> w is isomorphic as a bounded lattice to the class of 
upward Turing-closed subsets of "w in the following precise sense: 

(D w , <w, V, A, W , co w ) ~ (p("u)- T , D, n, U, u oj, 0). 

Proof. For / £ w w and a = dg T (/), set a. := dg # ({/}). It is easily checked 
that the mapping ai->a, is a well-defined mapping of Dt into H3>, such that 

a<b^=^a. <b., (a V b). = a. V b. and (0 T ). = 0.. 



For the second part, by Lemma [2721 for any P, Q, 

P <w Q ^=^ P- T 2 Q- T ^=^ P- T <s Q- T - 

Hence the mapping P M> P- T induces a well-defined mapping p i-» p s of D w 
into D s such that p < q ■<=>■ p s < q s . Easily 

(0 W ) S = dg s ("w) = S and (co w ) s = dg s (0) = oo s . 

Furthermore, for any P and Q, 

(P V Q)- T = P- T n Q- T = 5 P- T V Q- T , 

so (p V q) s = p s V q s . Note that this is not a lattice embedding because 
generally 

(P A Q)- T = P- T U Q- T =£ s P- T A Q- T , 



so meet is not respected. 

For the third part, again by Lemma |2.2[ the mapping P \-) P- T induces a 
well-defined mapping p i— > p- T of D w into p( bJ iu)- T . It is then straightforward 
to verify that this is the claimed isomorphism. □ 

Remark 2.6. By the isomorphism of part (hi), D w is actually a complete lattice: 
given a family P C D w , choose V C p( u w) so P = { dg w (P) : P G V }. Then 

jj\ P := dg w (|J { P** : P G V }) = dg w (|J { P : P G V }) and 
yP:=d gw (f]{P^:PeV}) 

are easily seen to be respectively the greatest lower bound and least upper 
bound of P. For countable families, the binary meet operation has the natural 
generalization 

A Pm := U (™r p ™ 

which has the same weak degree as above. The strong degree is a lower bound 
for { dg s (P m ) : to G u } but generally not a greatest lower bound. Nevertheless, 
this operation will be useful below. 

Of course, there is a huge literature on the general structure of the upper 
semi-lattice Dt ; as noted, the lattices D w and D s have received less attention, but 
there is a growing body of information. An early contribution is [12] ; excellent 
more recent examples are [Hj and [IB]. Most of these results are beyond the 
scope of this article and we mention here only a few examples as a sample to 
give the flavor. 

For f e u uj, set 

{f}t--={9--f<T 9 }. 

Easily {/} < w {/} w , and dg w ({/} w ) is an immediate successor in the ordering 
D w todg w ({/}): 

Proposition 2.7. For any /G"w and P C <"w, {/} < w P =*> {/}+ < w P. 

Proof. From {/} < w P we have PC {g : f <t g}- Since also P j£ w {/}, in 
fact P C {/}+, so in particular {/}+ < w P. □ 

Matters are slightly more complicated for 1D S , since it is clearly unreasonable 
to expect even that {/} < s {/} w — no single reduction procedure can compute 
/ from all g G { / } w . A typical strategy in such cases is to induce the needed 
uniformity by indexing: 

Definition 2.8. For / G w w, 

{/}+:= {{a)-g:ge u LJ and / = {a} 9 and g£ T f}. 



Proposition 2.9. For any f 6 u u), dg s ({/} ) is the immediate successor of 
dg s ({/}) " explicitly, dg s ({/}) < dg 5 ({/})+ and for any P C "w, {/} < 5 
P => {f} + <sP- 

Proof. Clearly there exists a partial recursive functional $ such that for all g, 

$((a)-. 9 ) = { fl } 9 

and thus $ : {/}+ -> {/}. If {/} < 5 P, then for some *, * : P -*■ {/} - 
that is, if a is an index for "J, for all 5 G P, {a} 9 = /. If also P ^ s {/}, then 
for each g £ P, g j£y /. Hence if {/} < s P, the recursive functional g H> {a)"g 
witnesses that {/} < s P. D 

It is worth noting that {/}+ = w {/}+, although {/}+ ^ 5 {/}+, so {/}+ 
serves the same role in B w as {/ V". 

Corollary 2.10. Neither B w nor D s is densely ordered. □ 

Of course, there are also many counterexamples to density, known as min- 
imal covers, in By, but they are considerably harder to analyze. In fact, a 
simple extension of these ideas allows us in B w , and with more effort in B s , 
to completely characterize intervals (P, Q), := { R : P <, R < # Q } that are 
empty. 

Proposition 2.11 ( 12 ). For any P <. Q, 

(P,Q).=i^p/£P)[P=.QA{/} and Q A {/}+=. Q] . 

Proof. We give the proof for weak degrees; the version for strong degrees is 
considerably more complicated and may be found in [461 Theorem 2.5]. Easily, 
if P <w Q, then for any / G P, 

P<wQA{/}< w QA{/}+<Q, 
and if Q ^ w {/}, 

P<wQA{/}< w QA{/}+<Q. 

Furthermore, for any R such that Q A {/} < w R < w Q, either 

{3heR)h< T f so P<„QA{/}, 

or 

(VheR) [Q< w {h} or / <y /i] so Q A {/}+ < R. 

Hence, for any / £ P, 

(P,Q) W = {P:P< W P< W QA{/} or Q A {/}+ < w R < w Q }. 

Now the implication (<$=) of the statement is immediate and (=>) follows 
because if P < w Q, there exists / e P such that Q ^ w {/}■ □ 



3 Local degree structures 

Early in the development of the theory of Turing degrees attention was focused 
on the degrees of (characteristic functions of) special sets that seemed of more 
interest than arbitrary sets. By far the most intensively studied of these are the 
degrees of recursively enumerable (r.e.) sets: 

Ft ■= {dg T (A) : A C uj is recursively enumerable}. 

R.e. sets arise naturally in many contexts, most notably as the sets of Godel 
numbers of theorems of recursively axiomatizable theories in a first-order lan- 
guage. Pt has lattice properties similar to those of Bt except that it has a 
largest element 

Proposition 3.1. Pt is a countable bounded upper semi-lattice. 

Proof. The join operation and Ot are the same as for 1D>t; the largest element 
of Pt is It = O't ~ dg T ({ a e w : i a }( a ) i})> the 3 urn P of Ot- □ 

In a posting to the online discussion group FOM in 1999 [331, Stephen Simp- 
son suggested that the Mucnik degrees of H® subsets of u 2 might provide an 
interesting alternative to the r.e. degrees. In many papers since then, Simpson 
and other authors have developed this analogy. This development is the central, 
although not exclusive, focus of the present survey. 

We start with a quick review of the notion of Tl® subsets of "w and w 2; 
Section 7 has further background. In topological terms they are the sets that 
are effectively closed. This can be made precise in several equivalent ways, but 
the one that is most useful here is the following. A tree is a subset T of <UJ u, 
the set of finite sequences of natural numbers, that is closed under subsequence. 
A path through a tree T is a function / such that all initial segments of / belong 
to T. [T] denotes the set of all paths through T. 

Definition 3.2. P C "cj is a II? set iff P = [T] for some recursive tree T C <uj uj. 

In accord with common usage we sometimes call a H^ subset of u 2 a Il{ 
class. Another useful characterization of the 11° sets is as sets definable with 
only universal number quantifiers over a recursive matrix (see, for example, [151 
Definition III. 1.2]). [5] and [4] are extensive surveys of n? sets. 

There are many naturally arising examples of H® sets; for further examples 
and significance see [4j: 

Proposition 3.3. The following are H® sets. 

(i) {/} for any recursive f G "w (and many others); 
(ii) for disjoint r.e. A, B C uj, Sep(A, B) := {C : A C C CB}; 
(iii) for an r.e. graph Q , Col (Q) := { / G w fc : / is a k-coloring of Q }; 



(iv) for a recursively axiomatizable first- order theory T , 

CpEx(T) := {U : IA is a complete extension off}; 

(v) DNR := {/ e u w : Vo[/(o) ^ {a}(a)} } and DNR fc := DNRn^fc; members 
o/DNR are called diagonally non-recursive. □ 

For reasons that will be explained in Section 7, the basic definition is re- 
stricted to H± subsets of w 2: 

Definition 3.4. 

P 5 := { dg s (P) : P C "2 is a nonempty II? class } 
Pw := { dg w (P) : P C "2 is a nonempty II? class } 

Proposition 3.5. P 5 and P w are countable bounded distributive lattices. 

Proof. The meet and join operations and 0, are the same as for ID.. However, 
establishing the existence of a largest element is much more complicated and 
forms the content of our first main result. □ 

Theorem A (35, Theorem 3.20]). The largest element o/P. is 

1. :=dg.(DNR 2 )=dg.(CpEx(T)) 

for T — Peano Arithmetic or any standard first-order theory of arithmetic or 
sets. 

As noted in the introduction, proofs of main theorems are postponed to the 
latter sections of the paper. 

Although as discussed in Section 2, none of the structures TDt, D w or D 5 is 
densely ordered, one of the landmark results of the theory of r.e. degrees was 
Sacks' Density Theorem [3EJ Theorem VIII. 4.1] that Pt is a dense ordering. 
Other authors extended this to show that in any nontrivial interval [a, b] every 
countable partial order embeds preserving existing joins and if a is low, then 
every countable partial order embeds preserving existing joins and meets [551 
Exercise VIII. 4. 10]. For B w and D s , we have the following results. 

Theorem B ([6, Theorem 14] and [5J Theorem 1.1]). P s is densely ordered; in 
fact, every finite distributive lattice embeds in any nontrivial interval [p,q]. 

Theorem C ((3j Theorem 4.9]). P w is downward- densely ordered; in fact, every 
countable distributive lattice embeds in any nontrivial initial interval [0, q], . 

Both of these results have fairly difficult proofs which will not be included 
here; the reader is referred to the references. One of the major open questions 
in the area is 
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Open Question 3.6. Is P w densely ordered? 



Recall from Proposition 12.51 that By embeds in K) w as a semi-lattice via the 
mapping 

a = dg T {A) h-> dg w ({A}) =: a w , 

so it is natural to ask if a similar mapping will provide an embedding of Pt 
into P w . If A is r.e., {^4} is II" but not generally H® so it does not follow that 
a w G P w - It turns out that this problem has a solution that is simple to state, 
although some work to prove. 

Definition 3.7. For any r.e. set A, with a = dg T (A), a^ := l w A dg w ({^4}). 

Theorem D (36, Theorem 5.5]). The mapping a h-> aJJ, is a semi-lattice em- 
bedding of Pt into P w that respects the least and greatest elements — that is, 

for all a, b e P T; 

(i) < 6 Pw.- 

(ii) a < b <=* a; < b* ; 

(hi) (0 T ); = W and (1 T ); = 1 W ; 

(iv) (avb); = a;vb;. 

Open Question 3.8. Is there a similar embedding of Pt into P s ? 

We shall see below that this technique leads to several other results, but the 
immediate one here is that it suggests regarding P w as a natural extension of Pt- 
We shall investigate several properties of P w below including ones that may in 
some sense mark it as a "nicer" structure than Pt , but only further development 
will establish the proper relationship between these two structures. 

4 Implicative Lattices 

One of the original motivations for the study of the Medvedev, and later Mucnik 
lattices was the hope that they would provide interpretations for intuitionistic 
or other propositional logics. For our purposes it will be convenient to consider 
prepositional logics with a set PS of propositional sentences built in the usual 
inductive way from a denumerable set At of atomic propositional sentences using 
the connectives 'and' A, 'or' V, 'not' -i and 'implies' — > . A propositional logic 
is a subset VS C PS of valid sentences described in some interesting mathe- 
matical way, usually via a deductive system or semantical considerations. For 
example, the classical propositional calculus CPC is the set of tautologies. 

To interpret a logic in a lattice £ = (L, <, A, V, 0, 1), we aim to define a 
family of mappings v : PS — > L which relate the connectives in natural ways to 
operations on the lattice and serve to distinguish exactly the valid sentences of 
the logic. Historically this has been done in the following steps: 
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(i) distinguish a unary operation -n and a binary operation — » on £; 
(ii) call v an £- valuation iff for all 0, -0 G PS 

w(0 A 0) = i>(</>) A v(V0, w(0 V 0) = i>(</>) V u(V0, 

u(-i 0) = -n «(</>) and w(0 — ¥ tp) = u(<^>) — » v(ip). 

(iii) declare a sentence </> 2,-valid — in symbols \= (j> — iff v(<f>) = 1 for all 
^-valuations v and set 

Th(£) :={</>: |=^}, 

the theory of £. 

The easiest and best-known case is when £ is a Boolean algebra; -» exists 
by the definition (see Introduction) and — » is defined by a— » fo := -» a V fo. 
Then the £- valid sentences are exactly the tautologies — that is, Th(£) = CPC. 
However, in the present context we have 

Proposition 4.1. E) W) P w , D s , and P s are not Boolean algebras. 

Proof. For p, q 6 ED., 

p A q = 0. ^=> p = 0. or q = 0. 

(0. is meet-irreducible) since P A Q has a recursive element iff one of P, Q 
has a recursive element. Hence, for 0. < p < oo., 

pAq = 0. =^> q = 0. =^pVq = p^oo, 

and thus p has no complement. Since by the same argument 0. is still meet- 
irreducible in P w and P s , we have also in these lattices that for 0, < p < 1», 

p A q = 0. =*> q = 0. =*> pVq = p/l,. 

For future reference note that in D w and D s , wc have also 

p V q = oo. <^=^ p = oo # or q = oo. 

(oo. is join-irreducible) since P V Q = iff one of P, Q = 0. Hence, for 
0. < p < oo., we could also argue 

p V q = oo. =>■ q = oo. => pAq = p^0,. □ 

Some of the virtues of Boolean algebras are shared by the following class of 
structures. 
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Definition 4.2. A bounded distributive lattice £ is an implicative lattice 
(Heyting algebra) iff for all a,b £ L there exists e <E L such that 

(Va; 6 L) [a A x < b <=^ x < e\. 

If such e exists, it is denoted by a — » b; a — » 6 is the largest element x such that 
a A x < b. — » is called an implication operator. In any implicative lattice 
we set -n a := a — » 0. 

It is easy to see that in a Boolean algebra, this notation is consistent with that 
above: -» a V 6 is the largest element x such that a A x < b and -n a V = -n a. 
Note that although by definition in any implicative lattice a A -n a = it is not 
generally true that a V -» a = 1. -» is sometimes called a pseudo-complement. 

The standard example of an implicative lattice that is not a Boolean algebra 
is the lattice of open sets of a topological space (T,0). For A,B £ O (open 

sets), 

A<B ^=> A<ZB, AW B :=AUB, and AAB:=AnB. 

O is not in general a Boolean algebra, since the set complement of an open set 
is not generally open, but is easily seen to be an implicative lattice with 

A -» B := Interior ((T \A)UB). 

Proposition 4.3. E) w is an implicative lattice. 

Proof. For any P, Q C w w, set 

= {.9eQ:(V.feP)/^Tff}. 

First we show that this is well-defined on weak degrees — that is, 

[P = w P' and Q = w Q'] =^> (P -» Q) = w (P' -» Q'). 

Assume P = w P' and Q = w Q' and fix 5 ' e (P' -» Q'). Then P ^ w {#'} 
(since P' < w P), and there exists g £ Q with g <t g' (since Q < w Q'). Then 
P ^w {g} so g 6 (P -»Q), and we conclude that (P -» Q) < w (P' -» Q'); the 
converse holds by symmetry. 

That P— »Q has the required degree follows from the following equivalences: 

PAl< w g^(VjeQ)[FUl < w {g}} 

<=> (V.g £ Q) [P ^ {g} => A < w {g}] 

<=> (V.g G Q) [.9 e (P -» Q) => A < w {g}] 

<=> A< W P^>Q. D 

Interestingly, however, with considerably more effort we have 
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Theorem E ([35J Theorem 5.4]). D s is not implicative. 

In the next section we shall consider just what Th(D w ) is, but here we ad- 
dress further questions of implicativity of lattices. We have the following recent 
results. 

Theorem F (45, Theorem 3.2]). P s is not implicative. 

Theorem G ([TH Theorem 2]). P w is not implicative. 

The scope of our inquiry is greatly expanded by the notion of duality: 
Definition 4.4. The dual of a lattice £ = (L, <, V, A ) is the structure 

£°:=<Z, <, V, A), 
where 

o o o 

V := A, A := V and < := > . 

Proposition 4.5. (i) The dual £° of a (distributive) (bounded) lattice £ is 
a (distributive) (bounded) lattice; 

(ii) if £ is a Boolean algebra then £° is again a Boolean algebra; in fact, £ 
and £° are isomorphic via the mapping a i— ► -» a; 

(hi) in general £ and £° are not isomorphic. □ 

Definition 4.6. A bounded distributive lattice £ is dual-implicative 

(a Brouwer algebra) iff its dual £° is an implicative lattice. Unfolding the 

definition: £ is dual-implicative iff for all a,b 6 L there exists e €E L such that 

(Vb £L)[KaV.i ^=^ e < x] 

If such e exists it is denoted by a -4> 6; a -%• 6 is the smallest element x such 
that b < a V x. When £ is dual-implicative we set Ai a := a ^J> 1 and write 
Th°(£) forTh(£°). 

Note that in a Boolean algebra, a 4 J = ta A 1 = t- a (relative 
complement) and Ai a = -n a. 

Proposition 4.7 ([27]). 5oi/i D w anrf D s are dual-implicative. 

Proof. For D w we set 

P -4> Q := { h : (V/ G P)(3 5 £ Q) ff < / © h } 

and first check that this is defined on weak degrees — in fact, 

[P= W P' and Q= W Q'} =^ (P^Q) = (P' A>Q'). 
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Assume the hypothesis and fix h' G (P' -At Q'). For any / 6 P, there exists /' G 
P' with /' < T f (since P' < w P). Choose g' G Q' such that g' < T /' ® ft' (since 
ti G (P' -»■ Q')) and g < T g' with g G Q (since Q < w Q')- Then 9 <t f ® ti 
and we conclude that ti E (P A> Q). By symmetry, (P -4> Q) = (P' -4> Q')- 

Now we claim that for any X, 



Q< W PV X 



(P At Q) < w X. 



(=*•): if (V/ G P)(Vft G X)(3g € Q) g <t f ® ti then X C (P -4> Q) so 
(P -fc Q) < w X. 

(•£=): if (Vfc G X)(3ft G (P -4> Q)) ft < T fc, then for any / G P and k G X 
there is g G Q with g <t f ®h< T f @k. Thus Q< W PVI. 

For D s we take an indexed version of the same set: 
PA>Q:= 



Q := {(a)~h : (Vf G P) {a} /e/l G q} 



Here we need to establish that this is defined on strong degrees (by an indexed 
version of the above argument) and that 



Q< S PV X 



(P At Q) < s X. 



(=*): Suppose {a} : P V X ^ Q. Then (V/ G P)(Vft G X) {a} / ® /l G Q, so 
(Vft G X) (a)~ft G (P -% Q) and thus h H> (o)"/i witnesses that (P -4» Q) < 5 
X. 

(-<=): Suppose k M> (afe)""ftfc witnesses that (P -% Q) < s X. Then / © k *-t 
{a fc } /e,lfe witnesses that Q< S PVI. □ 

For the local versions we know only 
Theorem H (|37[ Theorem 1]). P w is not dual-implicative 
Open Question 4.8. Is P s dual-implicative? 

The following table summarizes the current state of knowledge: 





Implicative 


Dual 


-implicative 


D s 


No 




Yes 


D w 


Yes 




Yes 


Ps 


No 




?? 


Pw 


No 




No 
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Several other recent papers study other aspects of these lattices. [H] con- 
siders (among others) 

D^ 1 := { dg 5 (P) : P C u u and P is closed } 

Df := { dg 5 (P) :PC u wandP is dense in w w } 

D s di := { dg s (P) : P C "cj and P is discrete } 

Each of these forms a sublattice of D 5 . D^ 1 is shown not to be dual-implicative, 
but this question is left open for the other structures. Many ideals and filters 
of D s are also considered as are the corresponding sets of degrees of subsets of 

"2. 

[25] establishes that the first-order theories of both D s and D w are as com- 
plicated as possible in that they are recursively isomorphic to the third-order 
theory of the natural numbers, or equivalently the second-order theory of the 
real numbers. [1] introduces sublattices Pj and P^f (the K- trivial degrees) of P s 
and P w and shows that they are unbounded and that P^ is densely ordered. 



5 Lattice Logics 

For any implicative lattice £, Th(£) is a set of propositional sentences that we 
call the theory of £. To justify this terminology we have directly from the 
definitions 

Proposition 5.1. For any implicative lattice £, for all a,b E L, a < b <=>■ a— » 
b = 1: hence Th(£) is closed under modus ponens; in fact, for all propositional 
sentences cf> and Z-valuations v, 

if v(4>) = 1 and v{<j)) —frv(ip) — 1, then v{tjj) = 1. □ 

We first note that Th(£) will generally not coincide with classical propo- 
sitional calculus, the set of tautologies denoted by CPC: 

Proposition 5.2. For any implicative lattice £ and any propositional sentence 
<f>, -i ((/> A -> 4>) € Th(£), but generally (cj> V -. 4>) £ Th(£) 

Proof. Since for any a d L, a A -<>a = 0, for any £- valuation v, 
v{<j)A^4>)=0 so u(-. (<£ A -><£))=-" = 1 
However, generally v(<p V -i <f>) = v((f>) V -» v(cf>) ^ 1. D 

To begin to characterize Th(£) for various lattices, we need to remind the 
reader of some facts of propositional logic. 

Definition 5.3. (i) Intuitionistic Propositional Calculus IPC is the set 

of propositional sentences generated by modus ponens from the following 
axiom schemas: 
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(j) ->• (if) ->. 0) 

(0 -> V) ->• [(^ -► (^ -> ^)) -> (0 ->• 0)] 
(0^0)^ [ty -► 0) -)■ ((0W) -»- ^)] 

(j> -t (ip -t (f> A ip) 

(j) -> (0 V V) {(j)Atj))^(j) 

ip -> (0 V VO {(f>Aip) -> ip 

((f) ->• V) -»• [(<£ ->• -■ VO ->• -■ 0] 
-i ->• (0 — ► V)- 

(ii) WEM, the logic of the weak excluded middle, is the set of sentences 
generated by these schemas together with the schema -i V -i -i 0. 

The following is well-known; for general information on intuitionistic logic 
and its extensions, we refer the reader to [52] 

Lemma 5.4. (i) IPC C WEM C CPC; 

(ii) CPC is the set of sentences generated by IPC together with the schema 
-i-i0 -► 0. □ 

Proposition 5.5. For any implicative lattice £, 

(i) Th(£) is an intermediate logic — that is, IPC C Th(£) C CPC; 
(ii) Th(£) = CPC iff £ is a Boolean algebra. 

Proof. That IPC C Th(£) is straightforward to check from the axioms and 
Proposition [5TTJ we give three examples. 

It is immediate that a — » b = 1 <=>• a < b, so 

|=0 -4 V ^=^ W[i>(0) <w(^)]. 

Since «(</>) < «(</>) V w(V'), H — > (0 V -0)- Next, since 

v(ip -t (f)Aip) = v{ip) -» (v(<fr) A v(ip)) 

= largest x [v(ip) A x < v(<j>) A u(V0] 

and v(4>) is such an x, we have u(^>) < v(ip —¥ (f> A ip) so w(0 — > (0 — » 
0AV)) = 1- 

Finally, since a —»(&—» c) = 1 •<=>■ a < (6 — » c) <^=> a A b < c 

|= (^ -)■ V) -> [(<£->• -■ V') -► -■ </>] 

<^=^ W[v(0 —> lp) A l>(</> — > -i 0) < -n !>(</>)] 

^==> Vu[w(0) A w(0 — > 0) A «(</> -4 -i V) = 0]. 
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But v(cf>) A v((f> —$■ ip) < v(ip) and v(</>) A v((f> — > -> ifi) < t»(^) so 
d(0) A ?;(</> -)• V) A l>(0 ~> "■ VO < ^(-0) A -n v(ijj) = 0. 

The second inclusion of (i) follows from the observation that among the Th(£)- 
valuations are ones that take on only values and 1; easily a sentence <f> is a 
tautology iff it is assigned value 1 by all such valuations. Part (ii) is immediate 
from (i) and (ii) of the preceding lemma. □ 

From the table at the end of the preceding section we have at least three 
structures of Medvedev or Mucnik degrees that are implicative lattices and 
therefore have well-defined prepositional theories: 

Th°(D s ), Th(B w ) and Th°(D w ). 



By the preceding proposition, Proposition ^. II and the observation that a lattice 
is a Boolean algebra iff its dual is one (Proposition 23] (ii)), we know that these 
theories are proper subsets of CPC. It is also easy to see that they are proper 
supersets of IPC. 

Proposition 5.6. In each o/D 5 °, B w , anrfD w ° ; is meet- irreducible. 



Proof. In the proof of Proposition 14.11 we noted that is meet-irreducible in 
B w . That the same is true in D s ° and D w ° follows from the fact, also noted in 
that proof, that in D s and D w , 1 = oo is join- irreducible. □ 

Proposition 5.7. For any implicative lattice £, if is meet-irreducible, then 
WEMCTh(£). 



Proof. Under the hypothesis, for any a G L, 
-n a = largest x[a A x = 0] = 



1, if o = 

0, if o ^ 

0, if a = 

1, ifo^O. 

Hence, for any a G £, 

-Tift = 1 or -n -n a = 1 SO nflV->->fl = l 

and for any sentence 4> and £- valuation v, v(-> (f>V -> -> (j)) = 1. □ 

Corollary 5.8. Each o/Th°(D s ), Th(D w ), anrfTh°(D w ) includes WEM. □ 

In fact, 
Theorem I ( [571 H2 M S3 EH ) • Th(D w ) = WEM = Th°(D w ) = Th°(D s ). 



18 



This result was seen by some as a disappointment in view of the early hopes 
that some of these degree structures would serve as models for IPC. This moti- 
vated the study of theories of sublattices described as follows. 

Definition 5.9. For any lattice £ and any d,e G L, 

2[d,e] := (L[d,e], <, V, a) 

where 

L[d, e] := { a e L : d < a < e } 

and <, V and A are the obvious restrictions to L[d, e\. 

Lemma 5.10. For any lattice £ and d,e € L, £[d, e] is a lattice, and if d < e 
and £ is (dual-) implicative, so is £,[d, e] with the (dual-) implication 

a — » e b := (a — » b) A e and a A> d b := d V (a A» b). □ 

Many authors contributed to the following theorem; references, further re- 
sults and related open questions can be found in the cited work. (An error in 
this article will be corrected in an addendum to appear). 

Theorem J ( [43j ) . There exist strong degrees r, s, t and (u„ :n<Euj) such 
that 

(i) Th°(D s [0 5 ,r]) = IPC; 

(ii) Th°(D 5 [0 s ,s]) =WEM; 

(iii) Th°(D s [0 s ,t]) = CPC; 

(iv) for allm^ne oj, Th°(D s [0 5 , u m ]) ^ Th°(D 5 [0 s , uj). 

Sorbi and Terwijn have recently announced in [44j analogous results for D w 
and D w °: 

Proposition 5.11. There exist weak degrees r and s such that 

Th°(D w [0 w ,r]) = IPC = Th(B w [s,oo w ]). □ 
Open Question 5.12. What are Th°(B s [0 s , l s ]) and Th°(© w [0 w , l w ])? 



6 Special Degrees 

In July and August 1999 there was a somewhat contentious debate on the FOM 
discussion group (see [33] or more generally the FOM archives at [T3J) con- 
cerning, among other topics, the assertion that the theory of the recursively 
enumerable degrees Ft has a history rather different from that of many, if not 
most mathematical theories. In the beginning only two r.e. degrees, and 
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1 were known, and many years elapsed between the formulation of the basic 
definitions and the result that showed that the theory was non-trivial — the 
Friedberg-Mucnik Theorem establishing that other r.e. degrees exist. 

Stephen Simpson, Harvey Friedman and others noted that most theories are 
motivated by the existence of a plethora of examples with the abstract theory 
serving to organize and explain the examples; Group Theory is a prime example 
of this process. Whatever the merits of this distinction, it is an odd feature of the 
theory of r.e. degrees that even as a mature theory, there are still few examples 
of r.e. degrees that arise naturally in contexts beyond the theory itself. Simpson 
in |33j expressed what at that time was merely a hope that the theory of (now 
called) weak or Mucnik degrees of 11° classes — P w in the notation here — might 
prove to be a richer theory in this regard. 

In the years since, several people, especially Simpson, have developed this 
idea. We have already covered above several of these results including that there 
is a semi-lattice embedding of Ft into P w via the mapping a^a^ (Theorem 
D). As we noted at the end of Section 3 this suggests that we regard P w as an 
extension of Ft- In this section we mention some examples fulfilling Simpson's 
hopes for the existence of "natural" members of P w strictly between W and l w . 

Of course, from the perspective of this survey, it would also be natural to 
ask if P s has some of the same properties. Indeed, P s is known to be a dense 
ordering (Theorem B), one of the signature properties of Ft- The density of P w 
is a major open question as is the existence of an embedding of Ft into P s , so a 
full understanding of the relationships must await further research. Indeed, by 
Remark 17.41 below, it may be more reasonable to expect an embedding of the 
r.e. truth-table degrees into P s . 

In the following definition, a 11° [A] class is the set of paths through an A- 
recursive tree and 0^ is the Turing degree of the n-th iterated jump of the 
empty (or any recursive) set. 

In Proposition 13.31 we introduced the il^ sets 

DNR :={/ e "w : Va[f(a) ^ {a}(a)}} and DNR fc := DNR n w fc. 

Let 

d:=dg w (DNR), d fc , w :=dg w (DNR fc ), and d fc , s := dg s (DNR fe ). 

Definition 6.1. (i) /i denotes the usual probability measure on "2 defined 
by 

Ml / : /(0) = to, -..,/(»- 1) = in-i }) = 2-"; 

(ii) for A C uj, P C "2 is A-full iff P = \J neiLl P„ for some A-recursive 
sequence of 11° [A] classes Po C P 1 C ... such that for all n, n(P n ) > 
1 - 2" n ; 

(hi) R A := p| { P : P is A-full }, the set of A-random reals; 
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(iv) R„:=R< _1) ; 
(v) r„ := dg w (R„); r* := l w A r n . 

For much more information on algorithmic randomness see |10j or for a 
briefer summary [TTj . 

Theorem K (|M1 Theorems 4.3 and 5.6] and [MJ Theorem 8.10]). 

(i) d 7 ri and v* 2 £ P w ; 
(ii) W < d < n < v\ < l w ; 

(hi) these degrees are incomparable with all aJJ, for a £ Dt 7^ Ot, It/ 
(iv) ri is the largest element o/P w that contains a II? se ^ of positive measure. 
Theorem L (QU Theorems 5 and 6] and Corollary 2.11]). For all 2 < £ < k, 

(i) d fcjW GP W andd k:S eP s ; 
(ii) dfc !W = di :W = l w ; 
(hi) d fe!S < d^ s < d 2 , s = 1 5 . 

See also [7] for more examples of strong degrees. 

7 II^ Sets and Classes 

In preparation for the proofs to follow, we collect here some general information 
on Ii" sets. This is a large topic with an extensive literature, and we shall 
discuss here only those aspects of the theory required in the sequel. Excellent 
general references are [5] and [4]. 

In Definition 13.41 we focussed attention on Hi classes — that is, nj subsets 
of u 2: 

P. ~ { dg.(-P) : P C "2 is a nonempty II? class }. 
Other natural possibilities that come to mind are 

P* := { dg.(-P) : P C u k is a nonempty II? set } and 

K ■= { dg.(-P) : P C M w is a nonempty n? set }, 
but it turns out that the key alternative is 

P^ d := { dg.(P) : P C u uj is a nonempty recursively bounded II? set }. 

Here we use the following notions: 

Definition 7.1. For and f,g e "u, a e <u u and P C u u, 
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(i) / is bounded by g iff Vm[/(m) < g(m)]; 

".9 :={/:/ is bounded by g }; 
(ii) a is bounded by g iff (Vm < |cr|)[cr(m) < g(m)]; 

<ul g := {a e <u uj : a is bounded by g } ; 
m .g :={<;£ m uj : a is bounded by g }; 

(iii) / is recursively bounded iff / 6 w g for some recursive function g; 
(iv) P is recursively bounded iff P C "g for some recursive function g. 

Obviously, P,CP*C P^ +1 C P^ d C P?. Any n? set P C w w maps naturally 
onto a set P* C "2 via the recursive functional / H- /*, where 

,*// u J 1 , if /(m)=n; 

1 0, otherwise; 
P*:={.r:/eP}; 

in such a way that P =. P*. However, in general P* may not be II". The 
following two lemmas clarify when this is the case and have other interesting 
consequences. 

Lemma 7.2. For any h e "cj and any tree U C <w /i, 

(i) (3/ e a /i)Vm [/[met/] «=*> Vm(3<7 e m ft) cr e U; 

(ii) (V/ £ w /i)3m [/ \ m <£ U] «=> 3m(V<r e m ft) cr ^ [7. 

Proof. This result is generally known as the Konig Infinity Lemma and is an 
old and familiar fact; however, for completeness we give here a proof. It is also 
an expression of the topological compactness of the space u h together with 
the fact that Ii\ sets are closed sets. We prove (i); (ii) follows immediately. 
The implication (=>■) is clear; assume the right-hand side. Call a sequence 
a infinitely extendable iff {t € U : a C t} is infinite. The assumption is 
exactly that U is infinite — that is, that is infinitely extendable. Furthermore, 
since 

(tCt -<=>■ a = t or [3n < /i(|er|)) a^(n) C r, 

if a is infinitely extendable, so is a^(n) for some n < h(\a\). Hence there is a 
unique function / such that for all m, 

f(m) — least n < h{m) [(/ \ m)^(n) is infinitely extendable]. 

Clearly / witnesses the left-hand side. □ 

Proposition 7.3. For any recursive function h, any H® class P C "ft and any 
partial recursive functional $ : P — > w u>, 
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(i) $(P) G n?; 

(ii) $(P) is recursively bounded; 
(iii) t/iere exists a total recursive functional $ : "u — > u w extending $ f P. 

Proof. Fix a recursive tree T such that P = [T]. For (i), by the preceding 
lemma, 

g G $(P) <=► (3/ G "ft) [/ G P and $(/) = g ] 

<^ (3/ G w /j)Vro[/ r m G T and $(/ f m) C g] 
^>\/m{3a E m h)[o ET and $(<t) C g]. 

The quantifier (3tr € m h) is a bounded quantifier — formally there is a recur- 
sively (because h is recursive) calculable upper bound for the codes of all finite 
sequences a of length m with all a(i) < h(i) — and therefore does not increase 
the complexity of the expression. Hence this gives a characteriztion of $(P) 
with only one universal quantifier and thus shows that $(P) G H®. For (ii), 
note that since $(/) is a total function for all / 6 P, 

Vn(V/ G w fe)3m [/ f m £ T or $(/ f m)(n) !] , 
so by (ii) of the preceding lemma, 

Vn3m(Vcr e m h)[a eT =^ *(*)(n) |]. 
For each n, let m„ denote the least such m. Then for all / G P, 

*(/)(n) <max{$(a)(n) : cr G (m "'2nT}. 
For (iii), set for all / G w w, 

'$(/rm„)(n), if/r^„eP; 



3>(/)(n) :- , ,_, 

1 0, otherwise. D 

Remark 7.4. 3> is called a truth-table functional because each value 
$(/)(n) can be recursively calculated from an initial segment / \ m n of / 
of recursively computable length not depending on /. Hence for H® classes 
P,Q Q "2, when P < s Q, each element g of Q actually truth-table (not merely 
Turing) computes an element / of P (see [3Sl Exercise V.2.12] or [16] Exercises 
8.1.37-41]) written / < tt g. 

Corollary 7.5. For all k > 2, P. = P^ = P^ d . 

Proof. In the discussion above, the map / M> /* is recursive, so for any recur- 
sively bounded H® set P, the image P* of P is also H®. Since by definition 
P* C "2, this establishes that P^ d C P.. □ 
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We may thus focus on P # ; we shall see below that in several ways these 
classes are "better behaved" than P^, which to date have been relatively little 
studied. 

Note for comparison with (ii) of the preceding proposition that 

Proposition 7.6. For any H\ sets P,QQ u u and any partial recursive func- 
tional ^iP-^^Pn $ _1 (<2) e n i- 

Proof. Let U be a recursive tree such that Q — [U]. Then 

Pnr 1 (g) = {/eP:$(/)eQ} 

= {/GP:Vn$(/) \neU} 
= {/eP:Vm$(/ \m)eU} 

which gives the result. □ 

A n" set P C "cj is by definition of the form P — [T] for some recursive 
tree T C <u1 uj 1 but T is generally not uniquely determined, since when a is such 
that P has no element /2 c, the inclusion or omission from T of r D <r will 
have no effect on [T]. Furthermore, by a standard quantifier calculation, if T 
non-recursive but is H ( ( (co-r.e) as a set of (codes for) finite sequences, [T] is 
still a Hi set. This leads to a natural effective enumeration (R a : a G u) } of all 
II] ) classes based on the standard enumeration of the r.e. sets: 

T a := { a E <"w : (Vr C a) r f W a } and R a := [T„]. 

It is also useful on occasion to refine this enumeration by setting 

T a , s := { a e <w w : (Vr C a) r £ W a , s } and i? a , s := [T a , s ], 



so 



2 — T^o 2 • • • 2 T a>a 2 T a ^ s+ i D • • • , T a — J j T a>s , 

J 2 = R a fi D • • • 2 fia ; s 2 -Ra,s+1 2 ' ■ - and R a = I I i? a ,s- 



s£w 



Topologically, each i? a>s is a clopen set. There is also a canonical tree associated 
with each nj set P C w w: 

T P :={o-:(3fEP)aCf}. 

Clearly, P — [Tp] and Tp is distinguished by the property of having no "leaves" 
or "dead ends" --a e Tp such that no extension o-^(i) e Tp. Tp is not 
generally recursive or even H®, but we have 

Proposition 7.7. For any PC"2 for any w /i for a recursive h), Tp is H®. 
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Proof. Using the Lemma I7T21 if P = [T] with T recursive, we have 
T P = {a:(3feP)aCf} 

= {a : (3/ e"2)(Vm>7i) a C / \ m G T } 

= {cr : Vm(3TG m 2)[m> \a\ =► a C t G T] }, 

which establishes that Tp is H®. D 

An element / € P C "w is called isolated iff for some ct C / there is no 
g ^ f such that ct C g G P. A set with no isolated elements is called perfect, 
and a simple standard argument shows that and perfect set has the cardinality 
of the continuum and is thus uncountable. 

Proposition 7.8. Any isolated member of a III class P C u 2 is recursive. 

Proof. Suppose that / is the unique function such that a C / G P. Then for 
any r such that a C r G u 2, 

r C / ^=^ r G T P ^=^ (Vu G |t| 2) [t^v =^ v£ T p \. 

It follows from the preceding proposition that { r : r C / } is r.e. and hence 
that / is recursive. □ 

Corollary 7.9. .Any If] 1 c/ass PC U 2 wit/i no recursive element is uncountable. 

U 

In particular, this implies that the only functions / G "2 such that the 
singleton {/} is H\ are the recursive functions. This differs dramatically from 
the situation for u u>; for example, [EJ Corollary IV. 2. 22] establishes that every 
hyperarithmetical (A}) set of natural numbers is recursive in a function / G u lo 
such that {/} is 11?. 

Even H\ classes C "2 with no recursive member have a relatively simple 
element. 

Definition 7.10. A function g G u uj is almost recursive iff every / <t g is 
recursively bounded. 

Lemma 7.11. For any sequence (P a : a G lo) of III classes such that for all 
a, P a +i C P a C "2, ^f/br all a, P a ± 0, then also f] aeuJ P a / 0. 

Proof. Fix recursive trees /7 Q such that P a = [U a ]', we may assume that also 
U a +i Q U a . Then using Lemma \7. 21 

Va P a ^ => Va (3/ G "2) Vm [/frae U a ] 
=> Va Vm (3a G m 2) [a G C/ a ] 
=^> Vm (3a G m 2) V°°a [a G J7 a ] 
=*> Vm (3a G m 2) Va [a G I7J 

=^> (3/ G "2) Va [/ r m G C7J =S> f| P a ? 0. 
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The third implication uses the fact that m 2 is hnite. □ 

Proposition 7.12. For any II? class P C "2, 

(i) there exists f G P such that f <t 0' t — equivalently, f G A^; 
(ii) there exists g G P such that g is almost recursive. 

Proof. For (i) we take / = LMB(P), the left-most branch of T P : 

LMB(P)(m) := least n [(LMB(P) f mp(n) G T P \. 

Clearly there is a unique such function, LMB(P) G P and since Tp is nj, 
LMB(P) <t0' t . 

For (ii), set P := P. Given P Q , if 

3m (3/ G P a ) {a} f (m) t, 

fix the least such m and set P +i := { / G P a '■ {a} (m) t }■ Otherwise, set 
P a +i ■= P a - Each P Q is 1L? and by the preceding lemma, P := f] a£u) P a i= 0- 
For any g G P and / <t <?, say / = {a} 9 , {a} 9 is total on P Q , so by Proposition 
I7.3[ { a }(Pa) and in particular {a} 9 is recursively bounded. □ 



Remark 7.13. Part (i) of the proposition is known as the Kreisel Basis Theo- 
rem ([23]) improved in [31] Theorem 1] and j20l Theorem 2.1] to the fact that 
/ may be chosen so that /' =t 0' t , the Low Basis Theorem. Part (ii) is [3D1 
Theorem 2.4] and is known as the Hyperimmune-free Basis Theorem. 

Lemma 7.14 ([34, Theorem 4.18]). For any almost recursive junction g and 
any f <t g, there exists a total recursive functional $ such that $(g) = /. 
Hence f < tt g. 

Proof. If / = {a} 9 , set f*(m) := least k [{a} glk (m) |]. Since /* < T g, there 
exists a recursive function h that bounds /* and thus 

$(g) := { W m) M, if defined; 
\ 0, otherwise; 

is a total recursive functional such that $(.g) = /. The last assertion follows 
from Remark ITU □ 

Proposition 7.15 ([MJ Lemma 6.9]). For any W\ classes P, Q C "2, 

P<wQ =*> (3Pcg) [0^PGn? oiwi p< s p]. 

Proof. Given P < w Q, by Proposition 17.121 fix an almost recursive g € Q and 
some f £ P such that / <t ff- By the preceding lemma, there exists a total 
recursive function $ such that $(.g) = / and by Proposition 17.61 it suffices to set 
P:=$- 1 (P)nQ. □ 
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8 Proof of Theorem A 

In this section we present a proof of the existence of a top element for each of 

P 5 and P w : 

Theorem A ( [351 Theorem 3.20]). The largest element o/P. is 

1. :=dg.(DNR 2 )=dg.(CpEx(T)) 

for T = Peano Arithmetic or any standard first-order theory of arithmetic or 
sets. 

We begin with an alternative representation for H® classes in terms of propo- 
sitional logic. In the propositional language described in Section 4 we fix an 
enumeration po, pi, ... of the atomic sentences and extend this to a Godel 
numbering of the set PS of propositional sentences. Consider a set X C u) as a 
classical truth-assignment X : PS — > {truth, falsity} defined by setting 

X(p n ) = truth «=4« n e X 

and extending in the usual way to all propositional sentences. A classical propo- 
sitional theory T is a set of sentences closed under tautological consequence, 
and the set of models of a theory is 

Mod(T) := { X : (V0 G T)X{cf>) = truth }. 

As usual, call a theory T recursively enumerable or r.e. iff the set of Godel 
numbers of elements of T is an r.e. set. It is a standard result of propositional 
logic that for any r.e. set T of sentences, the set 

Th(r) := { <f> : (f> is a tautological consequence of F } 

is an r.e. theory. Hence from the standard enumeration Wq , W\ , ... of all r.e. sets 
of numbers we can derive an effective enumeration 7oj 71, ... of all r.e. theories. 
It will also be convenient to set for a G <w 2, 

Aer(i) 
Pi , 

Klg(cr) 

where pj is p i? p° is -. Pi and q := p V -. p . 

Lemma 8.1. P C "2 is a H® class iff P = Mod(T) for some r.e. propositional 
theory T ■ 

Proof. Each Mod(T) is a Il\ class since 

X G Mod(T) ^=^ V0[0 g T or X{cj)) = truth]. 
Suppose that P is a n? class and set 

T:={0:PC Mod(^)}. 
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Easily Tis a theory and P C Mod(T) by definition. Conversely, if X G Mod(T), 
to show that X G P it suffices to show that for all n, there is some Y € P such 
that cr n :~ X \ n = Y \ n. If for some n this fails, then no Y G P is a model 
of q CTre , so every Y G P is a model of -i q^ , and hence -i q^ G T- But this is 
impossible, since clearly X(—i q CTf J = falsity. □ 

Definition 8.2. A propositional theory U is effectively incompletable iff U 
is consistent and there exists a recursive mapping a i— > # a (formally it is the 
function a k4 the Godel number of a that is recursive) of to — > PS such that 
for all a, 

WCf n consistent ==>• both 7^ U { a } and 7a U { -i 9 a } are consistent 

This is of course an effective propositional version of the property that the 
First Incompleteness Theorem establishes for sufficiently strong first-order the- 
ories. 

Lemma 8.3. For any effectively incompletable r.e. propositional theory U and 
any r.e. propositional theory T there exists a recursive mapping (<fi,ip,x) l— ► 
00,V>,x suc h that if both 7~U {(/>} and U L) {ip} are consistent, then 

(i) T U {cf>,x} is consistent <^=^ WU{^,^^ lX } is consistent; 
(ii) 7~U {(f>, -i x} is consistent <^=> W U {"0, ^ ^4>.if>.x } * s consistent. 

Proof. With a^i witnessing the effective incomplctability of W, by the Re- 
cursion Theorem there exists an index a effectively computable from (cj),ip,x) 
such that 

Th(Z// U {ip,8a}), if TU {0, x} is inconsistent; 

Ta=\ Th(W U {il>,-> $a}), if 7"U {0, -i x} is inconsistent; 

Th(W U {?/>}), otherwise. 

Note that the assumed consistency of T U { <f> } ensures that exactly one of these 
cases holds. 

Let 0^,v,x := ^a- For (i)(<^=), if TU {</>, x} is inconsistent, we have that 
U C 7a, but 7a U {-i^ a } is inconsistent. It follows that 7a is inconsistent as 
required. The second case gives similarly (ii)(<=). 

In the third case, if both if T U {<$>, x} and 7~U {</>, ~~i x} are consistent, we 
have 7a = Th(W U {V'}): which is consistent by hypothesis, so 

UU{^,0 a }C%U{9- a } and U U {V, - 9- a } C T a U {-, #„} 

are both consistent by the properties of # a which gives (i)(=>) and (ii)(=>). D 

Lemma 8.4. For any effectively incompletable r.e. propositional theory U, 
deg. (Mod(W)) = 1.. In fact, for any consistent r.e. propositional theory T, 
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(i) there exists a recursive surjection Mod(W) — > Mod(T'); 
(ii) if also T is recursively incompletable, then this is a recursive isomorphism. 

Proof. Fix B u for U as in the preceding Lemma and define recursive mappings 

a h- > (j) a and a M- ip a by 

^0 := Po V^po, (f> a ■= q CT , 

and 

^ W ' l^A^^ p|gM , ifi=l. 
Then easily for all a G <w 2, 

T U {^o- } is consistent <=>• U U {tpa} is consistent. 
For any / G w 2, set 

T^ :=TU{^/t„:fl€u} and W^ := U U { V>/N : n G w }• 
Then easily 

(1) X G Mod(T) <=^ there exists (a unique) / e u 2,Ie Mod(T / ); 

(2) Y G Mod(W) ^> there exists (a unique) /e"2,ye Mod^); 

(3) T' is consistent <^=> W^ is consistent; 

(4) if T* is consistent, then it has exactly one model. 

For Y G Mod(W), set 

$(Y) := the unique X G Mod(T / ) 

for the unique / such that Y G Mod(U^). This is well-defined and surjective, 
which establishes (i). 

If also T is effectively incompletable, we modify the definitions as follows. 



when lg(cr) = 2n, 



■= Po V^po =: ^0; 



0<rA-ip„, ifi = 0; 
4><j A p„, ifi = l; 
VVA^^, if* = 0; 
^A^ iV;<TiPn , if* = l; 
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and when lg(cr) = 2n + 1, 



"^L^.Pn- iH = : 



VV>^<x,Pra' 

ip a A -i p„, if z = 0; 
l/'cr A p„, ifi = l. 



^ ( °' U A *!.,_, ifi=1: 

Now (1) - (4) follow as before, but in addition 

(5) if U^ is consistent, then it has exactly one model, 

from which it follows that the functional $ is injective. □ 

It remains to verify that the ±1° classes DNR2 and CpEx(T) are indeed of the 
form Mod(W) for an effectively incomplctable theory U. 

Definition 8.5. (i) Disjoint sets A,B<Zlj are effectively inseparable iff 
there exists a recursive function h such that for any r.e. sets W c and W d , 
if 

A C W c , B C W d and W c n W d = 

then h(c, d) <£ W c U W d ; 
(ii) Kj := {a : {a}(a) ~ i}. 
Lemma 8.6. TTie following pairs are effectively inseparable: 

(i) Ko and Ki; 

(ii) T and NegT := {^(^:^eT} for T Peano Arithmetic or any standard 
first-order theory of arithmetic or sets. 

Proof, (ii) is an effective version of the First Incompleteness Theorem. For (i), 
by the S™-Theorem there exists a recursive function h such that for all c and 
d, 

(1, ii3s[xeW c , s -W d , s ]; 

{h(c,d)}(x)^l 0, ii 3s [x e W d . s - W c , s }; 

\ t, otherwise. 

If K C W c , Ki C W dl and W c C\W d = 0, then 

h(c,d)eW c =*> {ft(c,rf)}(/i(c,d))~l =*> ft(c,rf)eW d , 

and 

/i(c,d)eW d =>> {h(c,d)}(/i(c,d)) ~0 => fr(c,d)eVF c , 

so h{c,d) <£ W c UW d . D 
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Lemma 8.7. For any pair A,B of effectively inseparable sets, 

U a ,b :=Th({p 6 :6e A} U {^ Pb : b e B}) 
is effectively incompletable. 
Proof. Fix recursive / and g such that for all a G u, 

Wf( a ) = { b : p h G T a } and W g ( a ) = { b : -> p b G T a }• 
Given effectively inseparable A and B, for any a such that Ua.b ^= Ta we have 

ACW f{a) and B C W g(a) , 
and if also Ta is consistent, then 

W7( a) n^ g(Q) =0. 

Hence # a := Ph(f(a),g(a)) witnesses the incompleteness of T a - □ 

Finally, note that for any disjoint A, B, 

Mod{U A ,B) = Sep(A,B) := {X : ACX and X n B = }. 

Then Theorem A follows from the preceding three lemmas, since 

DNR 2 = Mod(W Ko , Kl ) 

and 

CpEx(T) is a III subset of Mod(UT,NegT)- 



9 Proof of Theorem D 

Recall that for a Turing degree a G ©t and A G a, 

a w := dg w ({A}) and a* := l w A a w . 

We will show here that, as asserted in detail by Theorem D, the mapping a h^ aJJ, 
is an embedding of Pt into P w respecting all of the structure of Ft as a bounded 
upper semi-lattice. In fact, for use is later sections we will establish a bit more. 

The first task is to verify that for any r.e. Turing degree a, aJJ, is actually 
a member of P w , since {A} is generally II2 but not n". The following tech- 
nique actually yields considerably more than we need here and will have other 
applications below. 
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Lemma 9.1 ([31 Lemma 3.3]). For any £§ set SC u w and IT? set ^ R C w 2, 
t/iere exists a II? sef 
5* C "2 suc/i iftai 



S* = w i? A 5. 
Proo/. We define II? sets S lt S 2 Q w oo and S* 3 C "2 such that 
S3 — w "2 <w Si = w <5 and R A Si < w 02 
and set 5* := i? A S3, so that 

d = w R A 02 — w R A Si = w R A, S. 

A Eg set 5 1 may be represented by a recursive map (x, y) 1— > T x>v of pairs of 
natural numbers to trees such that 

/£S^ 3xVy3z(f \z$T XlV ). 

Set 

Si:={{xJ,g):\/y(f\g(y)£T x , y )}. 

Clearly Si is IT?, S < w 5i since (x,f,g) G Si computes / G S and Si < w 

S, since if 

f E S with witness x, then / computes 

ff(j/) := least z (f \ z <fc T x , y ) 

and hence computes (x,f,g) G S\. 

Now fix a recursive trees T^ C <u uj and Tr C <w 2 such that 

Si = [T Sl ] and R=[T R ]. 

Set 

Ts 2 : = j T ~(n Q )" ■ ■ ~ T k -i~(n k -i)^T k : (Vi < fc) 2 < n* < ^ |t,- 

(n - 2, ... , n fc _i - 2) G T Sl and (Vi < k) n G Tr 

and S2 := [Tg 2 ]. The idea is that we use r G Tr to pad a G T^ so that 
(rn , ■ • ■ , mi) G Ts 2 =$■ mi < I + 1. 

£2 — w Si because any g G Si computes some ( r,; G Tr : i E uj) such that 
for all i, <?(?) < X) 7 <i l T jl an( i bence a member of 52. To see that R/\Si < w ^2, 
for any h G S2, there are two cases: 

(1) if h has infinitely many values > 2, these determine a path through Ts x 
hence a member of Si ; 
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(2) otherwise the tail of h beyond its last value > 2 is a path through Tr so 
a member of R. 

Finally we set 

Ts 3 ■= { mo 10 mi l---0 m, - 1 10 n :n<l + l and (m , . . . , mj_i) G Tg 2 } 

and 53 := ps 3 ]. Ts 3 is a tree since mi < I + 1 and easily S3 = w S%. D 

Now we can prove (a strengthening of) all but one piece (the implication 
(<*=) of (ii)) of Theorem D: 

Proposition 9.2. For all a, b G Pt and more generally a, b <t It (A.®), 

(i) < G P w ; 

(ii) a < b =► a^ < b* ; 
(hi) (Ot)w = °w a«rf (!t)w = lw/ 

(iv) (avb); = a;vb;. 

Proof. Part (i) follows from the preceding Lemma and the observation that for 
A G A°, {A} G ITi] C S3, (ii) is immediate from the definitions. For (hi) we 
have 

(Ot)X - dg w ({0}) A l w = W A l w = W ; 

(1 T ); = dg w ({0'}) A dg w (DNR 2 ) = dg w (DNR 2 ) = l w , 

because 0' computes a function / G DNR2: 



,, , = (l -{a}(a), ii{a}(a)l; 
J y ' ' l 0, otherwise. 



Finally, for (iv) 



(aVb); = dg w ({4 0B})Al w 

= (d gw ({,4})vdg w ({5})) Ai w = a;vb;. n 

To complete the proof of Theorem D, we note that from the definitions and 
the Proposition we have for a, b G Pt, 

^ < b w < — > a^, < b w 

<=> a w < b w or l w < b w 
<*=*> a < b or l w < b w 

because b w is the weak degree of a singleton. Hence it suffices to prove 
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Lemma 9.3. For all b £ Ft, 1 w < b w =>• b = It, so m particular if 
l w < b w , i/ien /or a/Z a £ Ft, a < b. 

Proof. Assume that b = dg T (B) for an r.e. set B and l w < b w - that is, (by 
Theorem A) there exists g <t B with g £ DNR2. Fix a recursive h such that 
for all a, 

W a ^% =* Vx[{/i(a)}(x)eW a ] 

and f <t g such that 

W/(a) = {<?(%))}• 

Then for all a, 

^a = W f{a) =^W a ^%=^ {h(a)}{h{a)) = g(h(a)) 

contrary to g £ DNR2. Hence \/a[W a ^ W^/fa)]; we sa Y that / is fixed-point 
free. Note that one version of the Recursion Theorem asserts that no recursive 
function is fixed-point free. 

Fix an index a such that / = { a } and a stage enumeration ( B s : s £ u> ) 
of B, and set 

f s := {a} s s and m* (x) := least s\a s s (x) 4. correctly] , 

so in' <t B and f{x) = lim/ s (x) = f m ft x \(x). Fix a Turing complete set 
K £ 0' T with stage enumeration (K s : s £ lu) and a partial recursive function 
x »-> s x such that 

x £ K ==> Sa, ~ least s[x £ K s ]. 

By the Recursion Theorem there exists a recursive function h such that 

w h(B ) - 1 0j otherwise. 

Since / is fixed-point free, for all x, Wh( x ) 7^ W'/iXo;)), whence fs x (h(x)) ^ 
f(h(x)) and thus s x < m^{h{x)). Then K < T _B, since x £ K <=> x 6 
K m /(ft(a,)), so 5 is Turing complete and b = It- □ 

It should be noted that this lemma is a version of the Arslanov Completeness 
Criterion; for extensions and complete references see |21) . 



10 Proof of Theorem E 

To establish that D s is not implicative we need to show that for some p,qg D s , 
p — » q does not exist — that is that there is no largest x £ D s such that 
p A x < q. This follows immediately from the following 
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Proposition 10.1 (39, Theorem 5.4]). For any non-recursive function f , there 
exists Q C ^uj such that for all X C u u>, 

{/} AX< S Q =*> 3Y(X< S Y and {f}AY< s Q). 

Thus there is no greatest x £ D 5 such that dg s ({/}) A x < dg s Q, and 
dg s ({/}) — » dg s Q does not exist. 

Towards the proof, we establish two lemmas. 

Lemma 10.2. For any functions f <t go, ■ ■ ■ ,9m-i and any r <G <u 2, there 
exists a function g D r such that f <t g and for all i < m, gi is Turing 
incomparable with g. 

Proof. This is a fairly standard so-called Kleene-Post construction; for complete- 
ness we provide a sketch of the proof. We define a strictly increasing sequence 
( t s : s £ uj } of of finite sequences as follows. Given r s , 



• 



if for some i < to and n, s = 2am + i and {a} 9t (lg(r s )) ~ n, set r s+ i 
Tjp(l — n); otherwise, r s+ i := t~(0); 



• if for some i < to, s = (2a + 1)to + i and there exist cr, a' D t s such that 
{a} " and {a} CT are incomparable, choose t s+ ± to be one of these 
such that 
{a} Tb+1 % gf, otherwise set r s+ i := r~(0). 

Set /i := Usew Ts an< ^ 9 := J©' 1 - The action taken at stage = 2am+i guarantees 
that {a} 9 * ^ /i; hence h ^t 9% and consequently g <^t g%- Suppose towards a 
contradiction that {a} 9 — gi. Then at stage s = (2a + l)m + i the mentioned 
a and a' must exist as otherwise for all n, 

9l (n) = {a} f(Sa "(n) for a n := (least a D t s ) {a} f ® a (n) |, 

and thus gi <t /, contrary to hypothesis. Hence the action taken at these 
stages guarantees that gi ^ {a} 9 . □ 

Lemma 10.3. For any non-recursive function f there exists a sequence of func- 
tions ( g m '■ to £ uj ) such that for all m and n, 

(i) / <t g m ; 

(ii) to =/= n => g m and g n are Turing incomparable; 
(iii) {m}< m >~ fl ™^/. 

Proof. Given g$, . . . ,g m -i, by the preceding lemma, for every r £ <u} 2, there 
exists g Z> r such that f <t g and 5 is Turing incomparable with each of 
go, ■ • ■ ,g m -i- Suppose that for all such g, {m} 9 = f. Then for all k, 

f(k) = {m} {mrak (k) for a fc :=leastr[{TO} (mrT (fc)|], 
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and thus / is recursive contrary to hypothesis. Hence we may choose g m to be 
such a g such that {m} 9m ^ /. □ 

Proof of Proposition \l0. 1\ Given a non-recursive function /, set 

Q-= A ^m} 

(see Remark l2.6p with the g m from the preceding lemma. Assume that {/} A 
X < 5 Qandfix$ : Q -> {f} AX. For i = 0, 1, set Q l :={h£Q : $ (h)(0) = i} 
so Q° and Q 1 partition Q and 

(1) {/}<sQ° and X< 5 Q\ 

By (hi) of the lemma, {/} ^ s Q, so Q 1 ^ 0; hx m such that (fnj^gm £ Q 1 and 

set 

We need to establish 

(2) X < 5 Y; 

(3) ^sl; 

(4) {f}AY< s Q. 

(2) holds because X < s Q 1 and Y C Q 1 so Q 1 < s Y. Towards (3), note that 

{j„:m/n}< s y (via the mapping (m)^~~g »->• g) 

and X < 5 {g™} by (1) because Q 1 < s {5™} (via the mapping g m \-t (mpg™)- 
Hence Y < s X would contradict (ii) of the lemma. 

For (4), by (i) of the lemma, choose a recursive functional G such that 
G((m)^gm) = /. Then {/} A Y < s Q via the functional VP defined by 

f*(h), if$(/i)(0) = 0; 

*(/i) := < (l)~ft, if $(/i)(0) = 1 and h(0) ^ m; 

{ (0)"G(/i), otherwise. 

The first clause handles h £ Q° such that $(/i) = (0)^f, the second handles 
h £ Y, and the third the only remaining h £ Q, namely h — (m)" g^. □ 

11 Proof of Theorem F 

To establish that P s is not implicative, we prove in this section the following 
effective version of Proposition 110.11 
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Proposition 11.1 ([551 Theorem 3.2]). There exist H® classes P and Q such 
that for every H® class X 

P AX < S Q =$■ (3Y en;)[l<J and PAY< S Q]. 

Thus there is no greatest x G P s such that dg s (P) A x < dg s Q, and dg s (P) — » 
dg s (Q) does not exist. 

Again there are two lemmas. The first is a weak version of [20; Theorem 
4.1] and will not be proved here. 

Lemma 11.2. There exist uniformly r.e. sequences of sets (A m : to G uj } and 
{ B m : to G lo ) such that for all m, A m n B m — and for all m ^ n, C G 
S(A m ,B m ) and D C u, 

D< T C => D£S(A n ,B n ). 

In particular, for all m, 

J\ S(A n ,B n ) £ w S(A m ,B m ), 

so also 

tf{S(A n ,B n )£ 5 S(A m ,B m ). D 

Lemma 11.3 ( |45[ Lemma 3.1]). There exist non-empty II] 1 classes P and 
{ R m : to G u> ) such that for all to, 

(i) P < s R m ; 

(ii) A , R n ^s R m ; 

(iii) (V. 9 GP m ){m} (mr9 ^P. 

Proof. Fix ( A m :ra£w) and ( B m : m G lo ) as in the preceding lemma. Set 

So = and S m +i := S(A m ,P m ). We define a function a G u u and finite 

sequences 

( cr m :m£w) such that 

P ■= jf\ 5" Q („) and P m := cr m '"S' m+ i 

are IT^ classes and satisfy (i)-(iii). Indeed, property (ii) is immediate from the 
corresponding property of the S m and (i) follows immediately as long as we 
ensure that lm(a) = u>, since then modulo a prefix R m is a subset of P. To 
guarantee property (iii) it will suffice to ensure that for each to, if for some a and 
n, {to} ^(0) ~ n, then a C a m and a(n) ^ to + 1, since then for g G R m , 
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{rny m ' 9 (0) ~ n but either S a r n ) = or S a i n \ — S m >+i for to' ^ m. It follows 
that {ray 1 ' 9 <£ P because neither of these sets has an element recursive in g. 
We define in stages approximating sequences 

( a s : s G ijj ) and ( a m ,a : to, s G cj } , 

and set 

a := lim a s and <j m := lim cr m , s . 

s— >oo s— >oo 

The a s will be partial functions with 

domain(a s ) = { i : i < d s } and image(a s ) = { j : j < s }. 

Set «o := and er m ,o := 0- At stage s + 1 set a s +i(d s ) := s, and if for some 
m,a < s, 

&m,s = and (3n < d s ) [{to} CT (0) ~ n and a s (n) = rn + ll , 

then choose the least such pair and set 

a s+ i(n) := 0, a s+ i(d s + 1) := m+ 1 and er m , s+ i := <r. 

For all other m', cr m ' , s+ i := o~ m ' tS . Note that each a s (n) and cr m , s changes at 
most once so the limits exist and have the required properties. The R m are 
clearly Tl®. To see that P is Tl®, let j3(n) :— least s[n < d s ] and p(n,s) be the 
condition 

(3 to, a < s) \(J m ,s = and {to} ct (0) ~ n and a s (n) =to + 1]. 
Then if ([/„:new)isa uniformly n" sequence of trees such that S n — [U n ] , 

T n := j a : a G E/ Q/3(n)( „) and Vs^ p(n, s) j 
is a uniformly IL® sequence of trees such that S a ( n ) = [T n ]. D 

Proof of Proposition \11.R With P and i? m as in the preceding lemma, set Q := 
A i? m , assume that for some X £ H®, P A X < s Q and fix a recursive 

functional $:(?-)PAl. For j = 0, 1, set Q z := { h G Q : & (h)(0) = i } so 
Q° and Q 1 partition Q and 

(i) p < s g° and x < 5 g 1 . 

By (iii) of the lemma, P ^ s Q, so Q 1 ^ and indeed 3m[(m)^iJm Q Q 1 ], where 
to is an index for the functional $ + (/)(n) := $(/)(n + 1). Fix such to and set 

Y := Q 1 \ (fh)~Rfn = {heQ: & (h)(0) = 1 and h(0) / to }; 

the second version makes it clear that Y Gil®. We need to establish 
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(2) X< S Y; 

(3) Y ^ s X; 

(4) PAY < s Q. 

(2) holds because X < s Q 1 and Y C Q 1 so Q 1 < s Y". Towards (3), note that 
tt\ Rn <s Y (via the mapping (m)^ g n> g) 

and X < s Rfn by (1) since Q 1 < s B„ (via the mapping g *— y (fri)'~'g). Hence 
Y < s X would contradict (ii) of the lemma. 

For (4), by (i) of the lemma, choose a recursive functional 8 such that 
6 : (to)'" ' Rm -> P. Then P A Y < 5 Q via the functional * defined by 

r*(ft), if*(ft)(0) = 0; 

$(h) := < (1)~&, if $W(0) = 1 and /i(0) # to; 

I (0)~8(/i), otherwise. D 

12 Proof of Theorem G 

To establish that P w is not implicative, we prove in this section the following 
companion to Proposition lll.il 

Proposition 12.1 ([14} Theorem 2]). There exist II" classes P and Q such 
that for every H® class X , 

PAl< w Q=^(37€lI?)[y^I and PAY<„Q]. 

Thus there is no greatest xgP w such that dg w (P) A x < dg w (Q) and dg w (P) — » 
dg w (Q) does not exist. 

Note that strengthening the conclusion to X < w Y is not required but easily 
accomplished by replacing Y with X V Y. The proof will require three lemmas. 

Lemma 12.2 (20, Theorem 2.5]). For any nonempty Tl\ class Q C "2 and any 
nonempty set P C "2, if P < w Q, i/ien either P has a recursive element or P 
is uncountable. □ 

Lemma 12.3 ([20, Theorem 4.7]). There exists a nonempty H® class QC"2 
such that any two distinct elements of Q are Turing incomparable. □ 

Lemma 12.4. For any II® class Q C "2 with no recursive element and any 
geQ,Q\{g}< w DNR 2 . 
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Proof. By Corollary 17.91 any such Q is uncountable, so there exists g' G Q with 
g' =/= g and hence m such that g \ m ^ g' \ m. Then 

Q' := { h G Q : h \ m = g \ m } 

is a nonempty n" subclass of Q \ {g} and by Theorem A, Q \{g} < w Q' <w 
DNR 2 . □ 

Proof of Proposition \12.1\ Fix Q to be any class as in Lemma 112.31 Restating 
the defining property of Q, we have 

(1) (VgeQ)Q\{g}£ w {g}. 
From Lemma ll2.4l we have immediately 

(2) (V 5 G Q) DNR 2 ^ w {g}. 

Fix an effective enumeration ( R a : a G oj) of all Ii\ classes as in the discus- 
sion preceding Proposition 17.71 Using the notation of the proof of Proposition 
PIT ), set _ 

Q:={LMB(Qni? a ) : a G u }• 

A calculation as in that proof shows that Q is S3, so by Lemma [9~T1 there exists 
a Ii\ class P such that P = w DNR2 A Q. Trivially from the definition we have 

(3) (VgeQ)PA(Q\{g})< w Q. 

Now fix a ilj 1 class A such that PAX < w Q; we shall construct a 11° class y 
such that y ^ w A and F A y < w Q. 

If Q ^ w A, then y := Q will suffice, so for the rest of the proof we assume 
that Q < w A. By Proposition 17.151 there exists a H® class R C Q such that 
P A X < s R. In fact, we then have 

(4) A < s P. 

To see this, fix$:P^PAA = (0)~P U (1)~ A; we claim that for all g G R, 
&(g) G (1)^X, from which (4) follows immediately. Otherwise, by Proposition 
17.61 R H $ _1 ((0)^P) is a nonempty n" class, and for any member g, either 
DNR 2 < w {g} or Q < w {g} so by (2), Q < w { 5 }. Hence Q < w RD®' 1 ((0)~ P) 
which, since Q is countable and has no recursive element, contradicts Lemma 

MM 

Now set g := LMB(R); since g G A^ by Proposition [7TT21 Q \ {.g} is also 
AP, so by Lemma T9 . 1 1 there is a n° class Y = w DNR2A<5\{^} and hence by 
LemmaHHl Y = w Q \ {.g}. 

Since Q < w A < w P, there exist / G A and g G Q such that g <t / <t <?■ 
Then by the defining property of Q, g = g so / =t 5- But by (1), Y ^ w {<?}, 
so y ^ w {/} and hence y j£ w A as desired. 

Finally, since g G Q, P < w {#} and for 5 G Q with g ^ g,Y = w Q\ {g} < w 
{5}, we have P A Y < w Q. D 
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13 Proof of Theorem H 

In the pattern of the three preceding sections, we establish that P w is not dual- 
inrplicative via the following 

Proposition 13.1. For every IlJ class Q there exists a LT^ class P such that 
for every LI^ class X 

g< w Fvx=^(]yen;)[y< w i and q< w pvy}. 

Thus there is no smallest x E P w such that dg w (Q) < dg w (-P) V x so dg w (P) -% 
dg w (Q) does not exist. 

Again we need two lemmas for the proof. 

Lemma 13.2. For any Or < dg T (/) < 0' T , there exists a function g such that 

f =t g but g is not recursively bounded. 

Proof. By the Limit Lemma I38j 3.3] fix a recursive sequence (f s :s£uj) with 
/ = lim^oc/s. Set 

g{x) := least s > x (Vy < x) f„(y) = f(y); 

clearly / =t g. Suppose g is bounded by a recursive function h. Set 

t x := (least t>x)Vs[t<s< h(t) => f t {x) = f s (x)] . 

t x is well-defined since f s (x) is eventually constant; x t-> t x is recursive and 
t x < g(t x ) < h(t x ), so 

It Ax) =fg(t x )(x) =/(«), 

and thus / is recursive contrary to hypothesis. □ 

Lemma 13.3. For every H® class P. 

(i) if P has no recursive elements, then there exists g E u u such that 
T < dg T (g) < 0' T and P ^ w {g}; 

(ii) for any f E w w, if Ot < dgy(/) < 0^ and P has no elements recursive in 
f , then there exists g E "w such that 

T <dg T (g) <0' T , P£ w {g} and dg T (/ g) = 0' T . 

Proof. Fix P with no recursive elements and a recursive tree T such that P = 
[T]. Let <L> a = {a} and set To := 0; given r a , set a a .o '■— r a and given a a ,i] set 

o- a ,i+i ■— least a[a a ,i C a and < & a (cr Q/i ) C < f> a (cr) E T] . 
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If i M> Oas is total, then h := {J ieu] <J a ,i is recursive and <& a {h) is a recursive 
element of P contrary to hypothesis. Hence there is a least i such that a a ,i+i ti 
set r a+ i := cr o ,i~(0). 

Thus g := U aeLJ T a is a total function and g <t 0' t since its definition 
involves only one-quantifier questions. For any a, if $a(<?) = Uaew^ ) a( T a) * s 
total, then by construction 

-3cr[r Q Ccr and $ (r ) C $ a (cr) G P] , 

so $ a ( 5 ) g P. Thus P ^ w {<?}■ 

For (ii), fix P = [T] and / as in the hypothesis; by Lemma [13.21 we may 
assume that / is not recursively bounded. As before, set r := 0; given r a , set 
c a ,o := r , and given a a ,i, set 

e Qji (n) ~ least cr[cr~ (n) C cr and $ a (cr 0ii ) C $ a (cr) G T] . 

Since Qi j is partial recursive it not a total function bounding / so there exists 

n a .i := least n[9 a ,i{n) < f(n) or 9 a ,i{n) f] • 

If o ,i(«a,») 4-) set fT a , i+ i := o ,i(n a ,i); otherwise, set r Q+ i := o- a ,i^{n a ,i, K(o)). 
The second alternative must occur for some (least) i a , since otherwise j i— > c a j 
is total, /i := U ieuJ <J a ,i is recursive in / and ^ a (h) is a member of P recursive 
in / contrary to hypothesis. Set g := Uaew r ai we conclude that g <t 0' t and 
P ^w {g} as before. 

Now 0^ < dg T ((r a : a G w)) because K(a) = 7" +i(|r a +i| — 1), and from /©<? 
we can reconstruct this sequence as follows. Given r a and a a ,i for some i < i a , 
n a ,i =g(Wa,i\)- if 

3<7 < f(n a> i)[(Ta,i^{n a ,i) C cr and $„((r)eT], 

then i + 1 < i a and o~ a ^+i is the least such cr; otherwise, i 4- 1 = i a and 
r Q+ i =cr 0) j'"(n 0) i,3(|cr Qi j| + l)). D 

Proof of Proposition \1 3. 1\ Given Q, by part (i) of the lemma choose / such that 

Ot < dg T (/) < 0' T and Q ^ w {/}. 

Since {/} G IIj, by Lemma I§TT1 there exists a 11° class P such that P = w Q A 
{/}. Suppose that A G II? is such that Q < w P V A. Since P < w {/} but 
Q ^w {/}) also A ^ w {/}, so by part (ii) of the lemma we may choose g such 
that 

T < dg T ( 5 ) < 0^, A^ w { 5 } and dg T (/® 5 ) = 0^. 

Again by Lemma liOl there exists a Uf class Y such that Y = w AT A { g}. Clearly 
Y < w A. By Theorem D, 

{/}V{ 5 }= w {0^}> w DNR 2 . 
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Hence, using distributivity, 

PVY= w (QA{f})y(XA{g}) 

= (Q V X) A (Q V {.9}) A ({/} V X) A ({/} V {.9}) 
> W Q AQ A (PVZ) ADNR 2 

=w<3- □ 

14 IPC- and WE M- Completeness Theorems 

The topics of this section are classical results on the relationships between lat- 
tices and their theories and do not directly concern the Mucnik or Medvedev 
degrees but play a large role in the proof of Theorems I and J. As such, they 
might well be consigned to references to the literature. However, their proofs 
are somewhat tedious to dig out of that literature, so it seemed worthwhile to 
include versions here. 

For convenience, we call a lattice 0- irreducible iff the least element is 
meet-irreducible and 1- irreducible iff the greatest element 1 is join-irreducible. 

The two theorems to be proved in this section are 
I PC-Completeness Theorem. 

IPC = I |{Th(£) : £ is a finite 1 -irreducible implicative lattice}. 

WEM-Completeness Theorem ([17]). 

WEM = ||{Th(£) : £ is a finite 0- and 1-irreducible implicative lattice}. 

The inclusions ( C ) are provided by Propositions 15.51 and 15.71 respectively, 
which establish these inclusions without the qualifiers finite or 1-irreducible. 
Hence the proofs below also establish versions of the Completeness Theorems 
without one or either of these. To complete the proofs we need, therefore, to 
show that for each sentence <f> £ IPC (0 ^ WEM) there exists a finite 1-irreducible 
(0- and 1-irreducible) lattice £^ and an ^-valuation v,p such that v^{<f>) 7^ 1. 

We begin with the I PC-Completeness Theorem; in this case the lattices £^ 
will be finite sublattices of the Lindenbaum lattice £|pc, which we proceed to 
describe. For clarity of exposition we shall sometimes write ^ PC <f> (^, EM (f>) instead 
of <f> € IPC (<fi e WEM), particularly when is a long expression. 

Definition 14.1. For any propositional sentences <f> and ip, 



4> ~| PC ip 

PC 

£ipc 



= { ip : 4> ~ip C if)} 

= ({[01 IPC :</>GPS}, A,V,0, 1), 
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where 

Mipc^Mpc 

Mipc^Mipc 


1 



= [<MV>Jipc 
= [0V0] IPC 

= {0 :-■</> S IPC} = [^l|p C for any such that -. S IPC 
= IPC = [0] |pc for any 0G IPC. 



Of course, the usual verifications are needed here: that ~ipc is an equiv- 
alence relation and that A and V are well-defined on equivalence classes; we 
leave these to the reader. 

Proposition 14.2. £ipc is an implicative lattice. 

Proof. We need to check that (omitting the subscript IPC) for all sentences 
and ip, 

a) [0i = m a ivi «=>• in = i<t>ivm, 

(ii) the relation cj> < defined by this condition is a partial ordering; 

(iii) V is the the join (least upper bound) operation and A is the the meet 
(greatest lower bound) operation for this ordering; 

(iv) (1) is the least (greatest) element for this ordering; 

(v) there exists an implication operation. 

These are all pretty straightforward; for example that V is a least upper bound 
requires that 

fee 4> ~ *■ 4> V an -d \y PC %jj — > -0 V -0; 
fee 4> ->■ # an d fee i> ->■ 9 =*> fee V -4 0. 
The implication operator is defined in the obvious way: 

[0fl-»[0]:=[0^0]]. 
That this is an implication operator depends on the fact that 
fee A 6* -4 ^=^ fee -4 (0 -4 0), 
which is easy to check. □ 

Proposition 14.3. The function V\pc{4>) '■— [0]ipc * s arl £\pc-valuation. 

Proof. The required conditions for A, V and — > arc immediate from the defini- 
tions. For -i we need that 

«ipc(-0) := I-01ipc = ^IHpc = : IHpc -» 0= 1^ ^ (Po A-ipo)l| PC , 
or equivalently, 

fec-0 «• (H (P0A-.p )), 

which follows easily from the IPC axioms. D 
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Corollary 14.4. IPC = f]{Th(£) : £ is a 1-irreducible implicative lattice} 

Proof. Clearly for any <fi $ IPC, V\pc(4>) ^ 1 so <p ^ Th(£| P c). That £ipc is 
1-irreducible is a standard, although not trivial, result about IPC (the disjunc- 
tion property) 

\y PC (j) V 1p •<=>■ \y PC tf> or hfp C tp, 

(see El Theorem 57, §80] or [2$, XI.6.1]). D 

To complete the proof of the I PC-Completeness Theorem we shall show that 
for <f> ^ IPC there exists a finite sublattice £^ of £ipc and an £^-valuation v^ 
such that ^(f/O 7^ 1. The idea is to in some sense "generate" £^ from 

{ lip J| PC : ip is a subsentence of <f>}. 

Using a finite set to generate a finite substructure of a distributive lattice or a 
Boolean algebra, which is also a distributive lattice or a Boolean algebra, is a 
simple and familiar process. For example, if 03 = (B, A, V, -a, 0, 1) is a Boolean 
algebra and A is a finite subset of B, then we can describe a finite Boolean 
subalgebra of 03 as follows. For U C iu{0,l}, set 

U v :=y{^a:a£A\U}vyU 

and for U C p(A U {0, 1}), U AV := J\{U V : U EU}. Then it follows from 
the distributive and DeMorgan laws that B A := {U Ay/ : U C p(A U {0, 1}) } 
is closed under A, V and -n and with the restrictions of these operations is a 
Boolean subalgebra 03 a of 03. Clearly Ba includes A and is finite with at most 
2 2 elements. This is just the construction of the conjunctive normal 

form in propositional logic. A similar construction using disjunctive normal 
form works the same way. 

For a finite subset A of a distributive lattice £, we may similarly construct 
a finite sublattice Za by removing reference to the operation -* and relying 
on the distributive laws. However, in the case at hand, £ is also implicative 
and the desired finite sublattice must also be implicative with an implication 
closely enough related to that of £ to achieve the result v $((/)) ^ 1. In the cases 
described above, we simply closed the set A under the operations A, V and in 
the case of a Boolean algebra also -n and could achieve this in "one step" , thus 
preserving finiteness. However, a parallel attempt to close a set A also under 
— ft does not succeed in one step because there are in general no distributive 
laws relating A and V to —ft, so we would seemingly need to iterate the map 
(a, b) h^ a^ftb infinitely often to reach a set that is closed. This would in general 
fail to produce a finite sublattice. The solution to this problem we outline here is 
essentially that presented in [5S] collecting the precursors to the proof of IX. 3.1 
of that text. 

Definition 14.5. For any Boolean algebra 03 = (B, A, V, -n, 0, 1), an interior 
operator on 03 is a function / : B — > B such that for all a,b G B, 
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(i) I(a Ab) = 1(a) A 1(b); 

(ii) 1(a) < a; 

(iii) I(I(a)) = 1(a); 

(iv) 1(1) = 1. 

Remark 14.6. For a topological space (T, O), the (topological) interior oper- 
ator denned by 

I(X) :={J{AeO:ACX} 

is an interior operator (in the current sense) on the Boolean algebra 

(p(T),U,n,-,0,T). 

Conversely, for any interior operator on this Boolean algebra, (T, 0/), where 

Oj :=\ mi (p(T)) := {I(X) : X CT}, 

is a topological space. The following lemma is the version of this that we need 
here. 

Lemma 14.7. For any Boolean algebra 23 = (B, A, V, -n, 0, 1) and any interior 
operator I on 23, 

CMB):=(lmj(B),A,V,0,l) 

is an implicative lattice with implication operator 

1(a) -»j 1(b) := I(^ 1(a) V 1(b)) . 

Proof. Fix 03, I and Oj(B) as in the hypothesis. Clearly \rr\j(B) contains and 
1 by (ii) and (iv) of the definition and is closed under A by (i). For closure 
under V, note first that for any a,b G B, using (i), 

(v) a < b ^=^> a = a A b =^> 1(a) = I (a A b) = 1(a) A 1(b) 

=> 1(a) < 1(b). 

Hence by (iii), 1(a) = I (I (a)) < I (I (a) V 1(b)) and similarly for b so by (ii), 

1(a) V 1(b) < I(I(a) V 1(b)) < 1(a) V 1(b), 

and 1(a) V 1(b) = I(I(a) V 1(b)) G Imj(B). 

Finally we verify that — »/ is an implication — that is, for any a, 6, x G S, 

/(a) A /(a) < 7(6) ^> 7(x) < /(-- 1(a) V 7(6)). 

For (=>■) we have by (v), 

1(a) A I(x) < 1(b) =*> J(x) < -» J(o) V 1(b) 

=^ I(x) = I(I(x)) < I(^I(a) V 1(b)). 
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For (<=) it suffices to show that 

/(a)AJ(n/(8)V/(ii)) <I(b). 

By (iii) and (i) the left-hand side is 

I(I(a)) A I(^ 1(a) V 1(b)) = /((/(«) A -. /(a)) V (/(a) A 7(6))) 

= 7(0 V (1(a) A 7(6))) 
<I(I(b))=I(b) 

using distribution, (v) and again (iii). □ 

Lemma 14.8. For any implicative lattice £ = (L, A, V, 0, 1) wit/i implication 
— », £/iere exists a Boolean algebra 03 = (_B, A, V, -», 0, 1) and on interior oper- 
ator I on 03 smc/i t/iat £ = O/(03) and — » coincides with — »/. 

Proof. Given £ and — » we shall construct 03 and I such that £ ~ O/(03) under 
an isomorphism that maps — #• onto — W-j; the statement as given follows by a 
standard procedure. We define first a larger Boolean algebra £ as follows. A 
filter on £ is any non-empty proper subset Acl such that for a,b £ L, 

a e A and a < b =*> b e A and a, 6 e A =*> a A & £ A. 

A filter A is prime iff additionally 

a V 6 £ A <=>• a e A or b e A. 

Let PF denote the set of all prime filters on £ and set 

C:=p(PF) and £ := (C, n, U, -0, PF). 

Define an embedding 77 : L — > C by 

77(a) := { A e PF : a e A}. 

Easily 77(0) = (since e A => A — L) and 77(1) = PF. It also follows easily 
from the properties of prime filters that 

rj(a A b) = 77(a) n 77(6) and 77(0 V b) = 77(a) U 77(6). 

To see that 77 is injective, suppose that a ^ b, say a ^ b, and consider 

D := { A : A is a filter on L, a 6 A and 6 £ A }. 

A ^ since A a :={6:a<6}e_D. Easily the union of a chain of filters is a 
filter, so by Zorn's Lemma, D has a maximal element A. A is prime, since if 
Co V c\ e A but Co ^ A and ci £• A, then consider the filters (i=0,l) 

A t := { e : (3d e A); c 4 A d < e }. 
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Both A and Ai properly extend A so do not belong to D and thus b belongs 
to both, say Ci A di < b. Then (co V c\) A (d A rfi) < b, so b € A contrary to 
the choice of A E D. Hence A <E 77(a) \ 77(6) so 77(a) 7^ 77(6). 

Let M := \m v (L) and DJU := (M,n,U,0, PF); 7/ is an isomorphism £ ~ 9Jt 
and carries — » onto a relation — Wm that makes 9JT an implicative lattice, since 
— » is definable from A. Now we define *B to be the Boolean subalgebra of 
£ generated by M. This could be described as in the discussion preceding 
Definition 114.51 (replacing U and A \ U by pairs of finite subsets of M), but 
using the additional information here that 971 is a lattice gives us the simpler 
definition 23 := (B, n, U, -, 0, PF) where 

B ■= < P|(-WiUvj) : fc <E w and (Vi < k) u t ,v t e M >. 
I Kfc J 

We define a function / : B — >• M by 

/( P)(-W;UUi)J := P|(ui -^ M !)i). 

We need first to verify that this is well-defined. Note that for u, v s M, m n 
(u — »m cjCtJ (because — »Af is an implication) so 

(*) u -»a/ fC-iiUt). 

Next we have for u, Ui, v and Vi <E M, 

(I (— Ui U TJj) C — U U 7J =>• (I { — Ui Li Vi) C\ u C v 
i<k i<k 

=> P| (ui -»m «») n 7j c 7j 

=*> Pi (Ui -»M Vi) ^U -» M V. 

i<k 

It follows immediately that for u^v^u'^v^ G M, 

i</e i<fc' i<k i<k' 

SO 

i<k Kk' i<k i<k' 

which is exactly the statement that I is well-defined. Now \rr\i(B) C M (since 
M is closed under — »m) and for v e M, 

I(v) = /(-PF U v) = PF -w-m u = v, 



so M — \rr\j(B) and / has property (iii) of Definition 114.51 Property (i) is 
immediate and property (ii) follows from (*). / has property (iv) because 

I(PF) = I(-PF U PF) = PF -»m PF = PF. 

Thus / is an interior operator and 2Jt = O/(03). That —»m coincides with — #•/ 
is immediate from the definitions. □ 

Proposition 14.9. For any implicative lattice £ = (L, A, V, 0, 1) with impli- 
cation — » and any finite set A C L, there exists a finite set La C L and an 
operator — Wa on La such that A U {0, 1} C La and 

(i) £,a '•= {La, A, V, 0, 1) is a sublattice of Z; 
(ii) £a is an implicative lattice with implication -^a; 
(iii) for all a,b € Au {0,1}, 

a — » b G A =*> a — »a 6 = a — » fo. 

Proof. Fix £, — » and A as in the hypothesis. By the preceding lemma there 
exists a Boolean algebra 03 and an interior operator / in 23 such that £ = O/(03) 
and — » coincides with — »/. Let 03,4 be the finite Boolean subalgebra of 03 
defined as in the discussion preceding Defnition 114.51 For u G Ba, set 

J(u) := V { A 1 ^ : WC AU{0,1} and f\W <u\. 

It is easy to check that J is an interior operator on 03^. Since J(u) G L, 
I(J(u)) = J(u), so from J(u) < u we deduce that J(u) < -f(w). On the other 
hand, if I(u) G ^4 U {0, 1}, since J(u) < u, we have I(u) < J(u). Thus 

(**) (VtieBi) [!(«) G iU{0,l} =^> 7(u) = J(«)]. 

Set L^i := Imj(B^). Then easily 2, a = Oj (03 a) and is a finite sublattice of £. 
As in the proof of Lemma 114.71 Za is implicative with implication 

J{u) ^ A J{v) := J(-J(u) V J{v)). 

For any u, v G A U {0, 1}, if 

J(u) -» J(v) = I(-J(u) V J(v)) G A U {0, 1}, 

then by (**), J(u) -^ J(v) = J(u) -» J(v) as desired. □ 

Proof of the IPC- Completeness Theorem. As in the proof of Corollarv ll4.4l and 
the following discussion, choose </> ^ IPC and set 

^0 := { [V'Iipc : ^ is a subsentence of </>}. 
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Aff, is a finite subset of L\pq. Let £</, and — »</, be as in the proposition and u^ 
the unique £^-valuation such that for atomic propositional sentences p. 

v ( p )^/ IpI|PC ' if I p IiPC G ^' 
[ 1ipc, otherwise. 

A straightforward induction, using (iii) of the proposition, shows that for all 
subsentences ip of (j>, v^,(ip) = vipc(V0- I n particular, v^,((p) ^ lipc and hence 
<^Th(£ ). D 

We begin now on the proof of the WEM-Completeness Theorem. 

Definition 14.10. For any bounded lattice £ = (L. <, A, V, 0, 1), £0, £* and 
£j denote the lattices that extend £ by adjoining a new least element 0*, a new 
greatest element 1* or both. 

Lemma 14.11. For any lattice £, 

(i) £0, £* and £j are lattices; 

(ii) £0 and £j are -irreducible; £ 1 and £j are 1- irreducible; 

(iii) if £ is 1- irreducible, so is £0; i/ £ is -irreducible, so is £} ; 

(iv) i/ £ is (dual-) implicative, so are £0, £ 1 and £j. 

Proof. Clearly for a,b G L, a A b and a V b have the same values in each of the 
extensions and we have in the relevant extensions 

= a oAO =0 

a V 1* = 1* a A 1* = a. 

Since for a, b ^ 0*, 1* also a A b,aV b E L, they are not equal to 0* or 1* and 
thus 0* is meet-irreducible and 1* is join-irreducible. Suppose now that £ is 
implicative so for all a,b,x E L, 

a A x < b -<=>■ x < a — » b. 

For £* each of £0, £* and £j, we need to define — »* such that for all a, b, x E i* , 

a A x < b <^=^ 2; < a — »* b. 

We leave it to the reader to verify that the following definition suffices: for 
a, b G L, 

_ . 1* , if a < b; 

a — » 6, otherwise; 

0*^*6=lorl* a^*0* = 0* 0* ^* 0* = 1 or 1* 

1*^*6 = 6 a^*l* = l* 1* ^>* 1* = 1*. 

Of course, the calculations for dual-implication are dual! □ 
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For any propositional sentence <j>, At(</>) will denote the finite set of atomic 
sentences that occur in (f>. <fi is called positive iff the negation symbol -i docs 
not occur in <p. We write \ fee $ & X ~ ► 4 1 G IPC- 

Lemma 14.12. For any implicative lattice £,, and £* any of the extensions 
above, for any positive sentence 4>, any ^-valuation v and any £* -valuation w, 
ifv(p) = w(p) for all p 6 At(</>), then v(<fr) — w((f>). 

Proof. This is immediate from the fact that for a,b G L, all of the operations 
have the same values in £* as in £. Of course, the restriction to positive sen- 
tences is crucial, since generally -»* a ^ -» a. □ 

Lemma 14.13. For ant/ sentence <j>, any S 2 At(^>), any ICS and 

pex P es\x 

one o/ i/ie following holds: 

(i) xx fe c 0; 
(ii) Xx I?pc -■ <t>; 
(hi) xx Itp C — i — i ^ and there exists a positive sentence <\> x such that 

At((j) x ) CS\X and X x fee 4> ^ 4> X ■ 

Proof. We proceed by sentence induction and write Y- x ip for xx fee V'- If ^ is 
the atomic sentence p, then 

p e X =► fe - 0; 

p ^ X =$> fe -i -i and X := is positive. 

Suppose next that <p is ip A 9 and assume as induction hypothesis that one of 
(i)-(iii) holds for each of ip and 9. Of the nine resulting cases, six are immediate: 

fe ip and fe =*> fe 4>; 
fe -i ^ or fe -. =*> fe -.</>. 

If fe t/> while fe -i -i 9 and fe 6* -H- 9 X , then fe </> -f-> so fe -i -i <j> and 
fe -H- 9 X =: cp x . The case with ip and interchanged is parallel. Finally if 
(iii) holds for both ip and 9, then easily fe -> -■ <p and -O- ^^ A 9 X —: <j> x , so 
case (iii) holds also for <f>. 

The corresponding cases for <j> — ip V 9 are dual and are left to the reader. 
If <j> is -i V') then the three cases for t/> lead easily to fe -i <fi, fe and fe -i 0, 



■51 



respectively. Finally, suppose that <f) is t/> — > 0. Again, six of the nine cases are 
immediate: 

I* -. ip or h x 9 => \- x <f>; 
\- x ip and \- x -i 9 =>■ h^ -i <p. 

If \- x ip while \- x -i -i 9 and \- x 9 4-> # x , then \- x tfi <H- so l-j -> -> ^ and 
^ <p -H> # x =: X . If \- x -i while \- x -i -> ip and hj- %p -H> V X , then ^ «->• -i ip 
so \^ —i(f). Finally, if case (iii) holds for both ip and 9, then case (iii) holds also 
for <p with <p x := (i/j x ->■ 6> x ). D 

Proof of the WEM- Completeness Theorem. We shall show that for each prepo- 
sitional sentence <f>, either <f> € WEM or there exists a finite 0- and 1-irreducible 
implicative lattice £ and an £- valuation i> such that v{<j>) ^ 1. Fix <j> and 
suppose first that Xx fee 4> f° r an A C At (</>). Then 

fee V Xx -* $• 

XCAt(<t>) 

But ^ EM A (-i p V -i -i p), so by the distributive law 
peAtfa) 

fe E M \/ XX aild tllUS ^™ ( ^- 

XCAt(^) 

Otherwise, we may fix X C At(0) such that xx fee ^> so one °f cases (ii) or 
(iii) of the lemma holds for X and (p. If Case (ii) holds, let £ be the 2-element 
lattice {0, 1} and v the valuation such that v(p) = for p £ X and v(p) = 1 
for p ^ X. Then v(xx) = 1, so since \x fee "■ 4>, a l so u (~' <f>) = 1 an d thus 

Finally, suppose that case (iii) holds for X and so there exists a positive 
sentence </> x such that 

At(^) C At(</>) \ X and X x fee <t> <+ § X ■ 

(The property Xx fee ^ ^ is not needed here and was present only to carry 
through the induction.) Since xx fee 4>: a l so Xx fee 4> X so m particular ^ c <j) X . 
Hence, by the IPC-Complctcncss Theorem, there exists a finite 1-irreducible 
implicative lattice £ and an £- valuation v such that v(<p x ) ^ 1. Let £* = £o 
be as in Lemma Tl4. Ill and w the £* -valuation 

'0*, forpeX; 
Then 



w(p) := | 



u(p), for p ^ X. 



pe X =*> «;(-, p) = 0* ^* 0* = 1, and 

p^X =*> «;(-. -. p) = (v(p) -»* 0*) -»* 0* = 0* -»■* 0* = 1, 
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so w(xx) = 1- Since (j) X is positive and w(p) = v(p) for all p 6 ht(cf) X ), 
w{4> x ) = w(</> x ) 7^ 1. But since % x tc -> <£ X , w(</>) = w(xx A 4>) < w(<j)x), 
also w((j)) ^ 1. D 



15 Proof of Theorem I 

In this section we establish that Th(D s °) = WEM. For the corresponding results 
for Th(D w ) and Th(D w °) we refer the reader to [33] . 

In the preceding section, we considered embeddings of one lattice £ into 
another & that respected the lattice structure but generally did not respect the 
implication operator (when it exists) — if both £ and R are implicative, then 
so is the image of £, but its implication may not be simply the restriction of 
the implication of K. Here we shall be considering embeddings that do respect 
implication and we introduce the notation £ <^-> & to denote the existence of 
such an embedding. 

Lemma 15.1. For any implicative lattices £ and &, if £ '—} A, then Th(^) C 
Th(£). 

Proof. If £ ~ £' C .ft, the isomorphism respects implication and the implication 
of £' agrees with that of .ft, then every ^-valuation is an £'-valuation, so if 
v(4>) — 1 for every ^-valuation, then also v{<p) = 1 for every £'-valuation and 
hence for every £-valuation. D 

The main result of this section is the 

Embedding Theorem ( [401 Theorem 2.6]). For every finite 0- and 
1-irreducible implicative lattice £, £ c — > U s °. 

Proof of Theorem I (for H3> s ° ). From these two results we have that for each fi- 
nite 0- and 1-implicative lattice £, Th(D s °) C Th(£), so by the 
WEM-Completeness Theorem, Th(D s °) C WEM. □ 

It will be more convenient to deal directly with D s rather than its dual. 

For dual-implicative lattices £ and .ft, we write £ ^-> .ft iff there is an injective 
function r\ : L — > K which respects 0, 1, <, A, V and -At. Then directly from 
the definitions 

£ A J? <^=> £° <-► ft° and 
£ is 0- and 1-irreducible and dual-implicative 

<=> £° is 0- and 1-irreducible and implicative, 

so it is equivalent to prove the 

Dual Embedding Theorem. For every finite 0- and 1-irreducible 
dual-implicative lattice £, £ °-> D s - 
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The key tool in establishing this is the notion of a free lattice ¥(V) generated 
by a partial ordering V . Given £ as above we shall show that there exists a 
finite partial ordering V such that 

£ A ¥{V)\ A F(E> T )J A D s . 
Here By is considered just as a partial ordering ignoring its join operation. 

Definition 15.2. For any partial ordering V = (P, <p), the free lattice ¥(V) 

is defined as follows. For S,T G PZPZ(P) [finite non-empty sets of finite non- 
empty subsets of P] , set 

S < T :<!=*> (WL € S)(3B € T) {A} < {B} 
where {A} < {B} :<!=*> (V6 G B)(3a £ A) a < P 6; 

5 = T :^=^ 5 < T and T < S; 
[S] :={T:S = T}. 
The elements of ¥(V) are all [<S]] with the inherited partial ordering 

[5]<[r] <=► 5<r. 

We define the lattice operations by: 

5 VT:=SUT; 

5AT:={iUB:Ae5 and BeT}; 
S ^T:={BeT:{B}^S}. 
Then, with the justification below, for each of these operations 

[5]*[r]:=[5*r]. 

Remark 15.3. Intuitively, {A} represents A A and S represents \ff A A. 

a I— > [[{{a}}]] is an order-preserving embedding "P — > F(7- > ). Many simple 
properties of F('P) that we shall use without explicit mention stem naturally 
from this intuition (or directly from the definition) — for example, 

ACB =► {B}<{A}; 

SCT =^ S <T; 

a,beA and a < P b =^ {A} = {A\{b}}; 

A,BeS and ACB =► S = S\{B}. 

Lemma 15.4. For any finite partial order V , ¥(V) is a dual- implicative lattice. 

Proof. This is just a (somewhat tedious) verification that things work as ex- 
pected and we will write out only a few cases. 

S < S' and T < T =*> S AT<S' AT' 
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because if for each A € S there is A' G S' such that {A} < {A'} and similarly 
for B, B' g T, T, then for a typical A U B g 5 A 5', {A U B} < {A' U B'}. 

For any A" g pJpj(P), 

T<5V^^ (VB eT)[(3A e S){B} < {A} or (3A e X){B} < {A}] 

«=> (VB g T)[{B} £ 5 =* {B} < *] 

«=*> (VBer)[Be5^r=^ {B} < Af] 

^=^ 5 ^r < a. 

Since P is assumed finite, we have also least and greatest elements 

0={{P}} and 1 = {{a} : a e P}. D 

The following lemma is a somewhat messy technical tool needed in the proof 
that every finite dual-implicative lattice can be embedded in some F(7- > ) 

Lemma 15.5. For any finite partial orderings Q = (Q, <q) and 1Z = (R, <r), 
there exists a finite partial ordering V = (P, <p) such that 

¥(Q) x ¥(1Z) A ¥(V). 

Proof. Note first that as usual we endow the cartesian product with dual- 
implicative lattice structure by defining everything component-wise. We set 

B:=({0}xQ)U({l}xB); 

{i, a) <p (j, c) :<==^ (i = j '■ = and a <q c) or (i = j = 1 and a <r c); 

V(S,U) := { A" : A g S } U { C 1 : C G U }, 

where 

4":=({0}x4)U({l}xfi) and C 1 := ({0} x Q) U ({1} x C). 

We aim to show that n is well-defined on equivalence classes and determines a 
dual-implicative embedding of ¥(Q) x F(TS-) into ¥(V). The idea is that among 
the many copies of Q in ¥(V) — for example, ?4 { { (0, q) } U ({ 1 } x C) } for 
any C C R — we choose the one with C = R and analogously for 1Z. This choice 
ensures the following facts for all A,Be pj(<2), C,D E p~(R), T G PZPZiQ) 
and V g PZPZ(R)- 

(1) K}<{B } «=» {A}<{B} 
{C 1 }^ 1 } <=* {C}<{B} 

(2) {A°}<{C} «=* {A} = {Q} 

(3) {^°}<)7(r,V) «=>• {A}<T 
{C x }<riV,V) *=* {C}<V 
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(1) and (2) are immediate from the definitions — note that always {Q} < {A} 
and {R} <{C}. For (3), 

{A a }< v {T,V) <s=^ (3BeT){A°}<{B } 

or (3DeV){A°}<{D 1 } 
<=► (3BeT){A}<{B} or {A} = {Q} 
<=*> {A}<T, 

since for all B g T, {Q} < {#}. The second clause of (3) is similar. 
Next we have 

77(5, U) <il(T,V) <=> (VAe5){A } <ry(r,V) 

and (\/CeU){C 1 } <T)(T,V) 
<^> (VAeS){A}<T and (VCeW){C}<V 
<^> S < T and W < V. 

It follows that rj dehnes an injective and order-preserving map F(Q) x ¥(TV) into 
¥{V): 

That this is a dual-implicative embedding now follows by the following straight- 
forward calculations. 

f](S,U) ¥f](r,V) = {A" :AeSUT}u{C 1 :CeUUV} 
= r](S VT,U V V) 

= J7 ((5,w)v(r,v)). 

»?(<S,W) A?7(r,V) = {A US : 4e5 and B g T} 

L){A a UD 1 :AeS and DeV} 
U { B° U C 1 : B g T and CeM} 
UJ^Ufi'iCeW and fleV}. 

Since A, B C Q and C, D C i?, 

A U D 1 = B° U C 1 = Q° U i? 1 
and 

A us°, C^uz? 1 cQ ui?\ 



so 



r}(S,U) A »?(T, V) = {£°:£g«SAW}u{.F 1 : J FgTAV} 
= ry(5 AW,T A V) 
= »?((S,T)A(W,V)), 
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and 

rj(S,U) - 2 »r]{T,V) = {B° :BeTand {B } £r){S,U)} 

UJD 1 : D e Vand {D 1 } £r,{S,U)} 
= { B° : B e T and {B} £ S } U { D 1 : D e V and {D} £ U } 
= {B° : B eS A>T}U{D 1 : D eU A>V} 
= t]{S A^T,U ^ V) 
= v((S,U)^(T,V)). 

Finally we have 

»j(QF(a)xF(w)) =v({Q},{R}) = {Q°,R 1 } = {p} = o nv) , 

and 

^(If(S)xF(r)) = V({ {H ■ b G Q }, { {c} : c 6 i? }) 
= {{(0,6)}:6GQ}U({l}xi?) 

U({0}xQ)U{{(l,c)}:cei?} 
= {{(0 ! fe)}:6GQ}U{{(l,c)}:cei?} = l F(7 , ) . D 

Proposition 15.6. For any finite dual- implicative lattice £ there exists a finite 
partial ordering V such that £ •— » F("P). 

Proof. We proceed by induction on the size |£| of £. The smallest dual- 

implicative lattice is the two-element lattice 2; easily 2 <A F(2). For |£| > 2, 
suppose first that £ is O-irreducible and set 

Then < 0' and 0' is the immediate successor of 0, so £ ~ £[0', l]o (Definition 
15. 9|) . By the induction hypothesis, there exists a finite partial ordering Q such 

that £[0', 1] •-+ F(Q) and it is straightforward to verify that £ <^> ¥(Qq), where 
Qo is Q enriched with a new least element. 

Otherwise, £ is not 0-irrcducible so there exist d, e > in £ such that 
d A e — 0. We shall show that in this case 

£ A £[d, 1] x £[e, 1] A F(Q) x F(K) A ¥(V) 

for finite partial orderings Q and 1Z from the induction hypothesis and V from 
Lemma [15. 51 Define n : L — > L[d, 1] x L[e, 1] by 

77(a) := (a V d, a V e). 

Obviously 

a < b => a V d < b V d and a V e < 6 V e => 77(a) < 77(6), 
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but also 

77(a) < T}(b) =*> a V d<bV d and a V e < b V e 
=*> (a V d) A (a V e) < (6 V d) A (b V e) 
=> a = aVO = aV(dAe)<oV(dAe) = oVO = o, 

so ?7 is an order-preserving injection. To complete the proof we verify that 77 
respects 0, 1, V, A and -4k Clearly 

V(0) = (d,e) = £[fU]x£M] ; 

^(i) = CM) = !,C[d,l]x,C[e,l]- 

For a,b E L, 

rj(a V b) = ((a V 6) V d, (a V 6) V e) 

= ((a V d) V (6 V d), (a V e) V (6 V e)) 
= 77(a) V7?(6); 

7y(a A 6) = ((a A 6) V d, (a A b) V e) 

= ((a V d) A (6 V d), (a V e) A (b V e)) 
= 77(a) A 77(6). 

Towards -A>, note first that for any x, 

b < a V x =*> bVd<aVdX?x => b < a V (x V d) 

or equivalcntly 

x > (a -4> 6) =*> i>(aVrf46Vd) =*> (x V d) > (a -%• 6). 

From these we conclude 

(aVd^»6Vd)<(a^»6)<(aVd^»6Vd)Vd 

so 

(aA>b)Vd=(aVd^»bVd)Vd. 

Then using also the corresponding equation for e, 

77(a) -4> 77(6) = ((a V d) -4> d (6 V d), (a V e) ^ e (0 V e)) 

= ((a V d -4>- 6 V d) V d, (a V e -4>- 6 V e) V e) 

= ((a ^i)Vd,(o4b)V e) = 77(0 -4> 6). D 

Corollary 15.7. For every finite 0- and 1-irreducible dual-implicative lattice 
£,, there exists a finite partial ordering V such that £ <^» F(7 7 )J- 
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Proof. If £ has two or three elements, the result is clear. If £ has at least four 
elements, let 

0':=A L \{°} and 1':=V £ \{1}- 

Then £ ~ £[0', l']g. By the proposition there exists a finite partial ordering V 

such that £[0', 1'] ^> ¥(V) so easily £ A F(7>)J. D 

The partial ordering By plays a role here via the following well-known 
Proposition 15.8. Every finite partial ordering is embeddable in J3t- D 

For a proof of this and much more — that every countable partial ordering 
is embeddable in the r.e. Turing degrees Pt — see, for example, [TH1 Theorem 
8.2.17] or [Ml Exercise VII.2.2]. 

Corollary 15.9. For every finite 0- and 1-irreducible dual-implicative lattice 
£,£4F(Dr)j. □ 

To complete the proof of the Embedding Theorem and Theorem I, it remains 
to establish 

Proposition 15.10. F(D T )J A © s . 
Proof. For a 6 D T set 

[a]:={/i6 u w:dg T (li)^a} and [a] := dg s ([a]). 
Then for A G pj(B T ) and S G PZPZ(^t) set 

7?(M}):= Al a l and v(S):=\f V ({A}), 

a£A AGS 

where these meets and joins are, of course, in D s . Once we verify below that 

v(s) <s v(T) ^ s<r, 

we can extend n to our final mapping F(D^)J — > D s by 

V (lSj):= V (S), ?7 (O*):=dg s ({0}), and r,(l*) := dg s (0). 

Before starting to establish that 77 is a dual-implicative embedding,we note some 
properties of the sets [a] and the strong degrees JaJ: for all a 6 IDy, 

(1) a< T b^ [al< s [b]; 

(2) [a] is homogeneous: (Ver G <LJ o;) V7i (h e [a] =>• cr^/i G [a]); 

(3) [a J is meet- irreducible; 

(4) [a] is join-irreducible. 
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For (1), a <t b ^=^ [b] C [a] => [a] < 5 [b]. Conversely, for a recursive 
functional $, $(/i) <t h, so 

$ : [b] -> [a] =» (V/i G [b]) $(/i) ^ T a 
=*> (V/i G [b]) /i ^ T a 
=> [b] C [a] =* a < T b, 

so also [a] < s [b] =4> a <t b. (2) is immediate, since h =t cr^h. For (3), 
suppose that for some P,QC u u, P A Q < 5 [a], say 

S:[a]->((OrP)U((irQ). 

Then if P j£ s [a], some element of [a] is mapped into (1)^Q so for some finite 
sequence cr, <1>(ct)(0) = 1, and thus by homogeneity, 

Q<s{he[a]:aCh}= 5 [a]. 

For (4), for any a G Ot, let <? a be a function with dg T (g a ) = a. Then [a] ^ s {g & }, 
since for any recursive functional $, $(g a ) <t 3a and thus $(3a) ^ [a.]. But 

[a]^ s P =► Pg[a] =► (3/ e P) dg T (/) < T a =► P < s { 5a }, 

so 

P, Q < s [a] =*> P V Q < s [a] A { ffa } < s [a]. 

We establish next a rather special instance of join-irreducibility: 

(5) For any A G PZ{®t), T G PjPj(D T ) and X C ««, 

r?({^})<sr7(r)Vdg s (X) =► 77({^}) <s r?(T) or ry({A}) < 5 dg s (X). 

Since 7?(T) = V Ber A beB I b l' ^ distributivity also 

»/(T)= A V i F ( B )J- 

FeUTBeT 

Assume the hypothesis of (5) and that rj({A}) ^ s f}{T). Then for some F G 
nr,r ? ({A})^Y Bgr [P(P)]. Set 

y : =0[P(B)] so v ({A})£ 5 dg s (Y), 

BET 

and in particular, for each a E A, [a] j£ 5 Y. But by hypothesis, 

ryd^l}) < s dg s (X) V dg s (Y), 
so there exists a recursive functional 

<p-.xvy^ (J (*»)">]■ 

ae.4 
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For / G X set 

{i(f)Mf)) := least (i,tr)[*(/©^)^*], 

and for a 6 A, 

I a :={/a:i(/) = j a }; 
$ a (.f © 3 )(x) := $(/ © *(/)-</)(» + 1). 

Since by (2) Y is homogeneous, 

$ a : ^a V Y -)• [a] so [a] < s X a V Y. 

But we showed above that [a] ^ s Y and by (4) [a] is join-irreducible, so [a] < s X a 
and hence 

^({A})< 5 /\dg s (X a )< s dg s (X), 

since *(/) := («(/)) / witnesses that A X a < s X. This completes the 
proof of (5). 
Now we have 

r ? ({^})< s r,({B}) «=>• Al a l^Al b l 



<*=► (Vbes)(/V|[a]j< s [[b] 

aeA 

^ (VbeS)(3aeA)[[al< s Ibl by (3) 

<*=*> (Vb G S)(3a ei)a< T b by (1) 

<*=► {A}<{B} 

and 

»7(5) < s *y(T) «=► V r ?({^» ^ »?Cn 

«=► (VA e S) r,({A}) < 5 r,(T) 

^=^ (VAe5)(3Ber)?7({A}) < 5 ?7({B}) by (5) iterated 

^=> S<T. 

It follows as usual that r\ is well-defined, injective and order-preserving on F(Dy). 
To verify that 77 respects V and A is straightforward and left to the reader, and 
we turn to -4>. We need to show that for all S and T, 

or equivalently, by the definition of -4>, for all X, 

r 1 (T)<sv(S)yd gs (X) «=* r,(S ^> T) < s dg 5 (X). 
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Now by the definition of -4> in F(D T ), 

V (SA>T)=r ] {{BeT:{B}£ s S}) 

= \j/ {V({B}) : B ET tmd{B} £S} 
= V { V{{B}) : B G T and r,({B}) ^ s r,(S) } by (1). 

Hence it will suffice to show that for all X, 

v(T) < 5 v(S) v d gs (x) 

<=> (VBe7)fa({B})<,»,(S) or ,7({B})< s dg s (X)]. 

The implication (-£=) is immediate from the definition and (=>) follows directly 
from (5). □ 



16 Proof of Theorem K 

The proof will require a substantial number of lemmas; the first is immediate 
from the definitions. 

Lemma 16.1. For any A C u> and any A-full set P, P G ^[-A] and ^jl(P) = 1. 

□ 

Lemma 16.2. R„ is 0^ -full; hence R„ G S° +1 and /i(R„) = 1. 

Proof. We give the proof for n = 1 — for the general case just relativize the 
proof to 0^ . As in the discussion preceding Proposition 17.71 fix effective 
enumerations ( T a : a G uj ) of all n^ trees and ( T a>s : a G uj } of their recursive 
approximations. Set 

U a , s :={ae <ul 2: {{a}(a) | and A*([T {o}(o) ,J) > 1 - 2"°) => <r G T {a}(a)iS } 
and Q* := D.go,^,-]. so Q^ 11 ?. **(<£) > 1 - ^ and 

({o}(o)| and Ai ([T {a}(a) ])>l-2- Q ) => Q* a = [T {a}(a) ]. 
Finally, set 

Qn ■= f) Ql and Q-=\J Qn- 

Easily Q is recursively full so Ri C Q. But also QC Rj: if / ^ Ri there exists 
a recursively full set P = [_} n&u] P n such that f ^ P. For each n, choose a n > n 
so that for all k, Pk — P{a„}(fc)l; in particular, since ^(P an ) > 1 — 2~ a ", 

Pa„ = [T{a„}(a n )] = Ql n 2 Qn- 

Hence for each n, f ^ Q„ and thus f £ Q. The other clauses follow from the 
preceding lemma. □ 
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Definition 16.3. P C w fc is k-separating iff there exist r.e. sets 
Ao, . . . , Ak-\ C w such that 

P={/e w fc:(V fJew )^% ) }. 

Note that ordinary separating sets 

Sep(A ,A 1 ) = {C*: A CC and C*nA 1 = 0}, 
in particular DNR2, are 2-separating, and any fc-separating set is II?. 

Lemma 16.4 ([34"} Theorem 7.5]). For any k-separating set P and any ITj set 
Q of positive measure, 

P <w Q =^ P has a recursive element. 

Hence for the corresponding weak degrees, if p < w q then p = W and in partic- 
ular l w ^ q. 

Proof. Assume that P = { / G u k : (Vn € w)n $ ^/(n) } <w Q and Q is of 
positive measure, and for each index a, set 

Q a :={g^Q:{a} 9 eP}. 

Then Q = lJ aGw Q a , P <s Qa, and by countable additivity of measure, for some 
a, fi(Q a ) > 0. Hence we may from the beginning assume that P < s Q and fix a 
recursive functional $ : Q — > P; by Proposition 17.31 we may also assume that $ 
is total. 

By standard arguments of measure theory there exist an open set V 3 Q 
and a clopen set U C V such that 

MG/\Q)<^ and ,(V\U)<^\. 
Then 

MC/\Q)<MnQ)<^ and M (Q\J7)< A ,(V\J7)<^, 
whence 

Set [/" := {/£[/: $(/)(«.) = i}. For each n there exists i < k such that 

M(^f ) > 4P and for an y such i,U? %U\Q so there exists /eC/fn Q, and 
since <&(/) e P, n ^ Ai. Hence 

Kuy 



g(n) := least i 



riun > 



is a recursive element of P. □ 

G3 



Lemma 16.5. d, ri and r^ € F w and O w < ri < r^ < l w 

Proof. By Lemma 197X1 d* := d A l w G P w , and by Lemma IT672I 

DNR 2 C DNR =*> d < l w =*• d* = d. 

Similarly rj GP W , but Ri is a union of non-empty IT^ sets and for any one S of 
these, 

ri < dg w (5) < l w so r* = r x . 

R2 G S°, so again by Lemma 19.11 r^ G P w . The ordering relationships are 
immediate from Lemmas 116.21 and 116.41 □ 

Lemma 16.6. For any P G H®, if fi(P) = 0, then "2 \ P is recursively full so 
PHRi=0. 

Proof. If P = [T], set P s := [P a ,s] so P = f] seu] P s , an intersection of clopen 
sets. If n{P) — 0, then lim^oo /x(P s ) = so if 

/i(n) := least s [/i(P a ) < 2""] , 

"2 \ P = U, l&J (" 2 \ ^fc(n)) is recursively full and hence R x C u 2 \ P. D 

Lemma 16.7 ( [34, Theorem 4.19]). For every ^ P C w 2, i/ P G £§, t/ien P 
/ias an almost recursive element. 

Proof. Since E° sets are unions of H® sets this is immediate from Proposition 

EEKh). □ 

Lemma 16.8 ( J5J Remark 2.8]). For every almost recursive function g, g ^ R2. 

Proof. We construct an 0^-full set P such that 

g G P =>■ (3/ <t .9) / is not recursively bounded. 

For each n and a, set fc^ := 2 a+n+1 and partition "2 into fcJJ-many pairwise 
disjoint clopen sets Q® , . . . ,Q® fea _ 1 each of measure l/fc°. Fix n and suppress 
it in subscripts. For i < k a — 1 set 



.S; 



a a :=a and sf +1 :~ least s > s- [{«}>■) 4] 



The relation 

si ~m ^=> (Vj < i) s" ~ least s <m [{a} s {Sj) i] 
is recursive, hence the functional $ defined by 
<&(g)(m) :~ max { {a}(m) + 1 : a < m and (3i < m) [g G Q" and sf ~ to] } 
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with the usual convention that max ~ is partial recursive. Set 

j a :~ largest i [s? I] and m a :~ s° a . 
Then <I>(c/)(m) J. unless for some a, m ~ m a and 5 G Q%. Hence, setting 

P„ := {5 : *(ff) is total}, 
we have P„ e IlJ [0^] because 

P„ = {g : VoVi[ 9 e Q? and (s? i=> < +1 4-)] }> 
and P n has measure at least 1 — 2~" because 

^\p»)<i«(UQi.)<ErF 

Furthermore, if g E P n and {a} is total, then for the unique i such that g G Qf , 

<%)(*?) > {o}(*?). 

so $(.9) is not recursively bounded. Hence P := [J neiJ P n is the desired 0^-full 
set. D 



Lemma 16.9. ri < r 



2- 



Proof. By Lemma Il6.7[ Ri has an almost recursive element g. 
If 1*2 < dg w ({<7}), then since {g} is a singleton, either 

1-2 < dg w ({g}) or l w < dg w ({ 3 }). 

The first alternative is impossible by Lemma 1X6.81 (ii). If the second holds, 
then by Lemma [16.81 (i) there exists a total $ : {g} -> DNR 2 , so DNR 2 < w 
4> _1 (DNR2), which is a IT] 1 class containing g, hence of positive measure by 
Lemma 116.61 contrary to Lemma 116.41 □ 

Lemma 16.10. W < d < 1*1. 

Proof. W < d since obviously DNR has no recursive elements. That i"i ^ d 
follows from [24]: there exists / G DNR such that dg T (/) is minimal, together 
with the easy observation that for / e Ri, dg T (/) is not minimal because 

T <dg T (/ odd ),dg T (/ even )<dg T (/). 

To show that d < ri , we show as follows that 

A e Ri =>- (3g < T A)g e DNR. 

Set W x Cj. Aiff \W X \ > k and the first k numbers enumerated into W x are in 
A, and P x< k \= {A:W X %k A}, Easily fi(P x ,k) > 1 - 2~ fc . With notation as 
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in the proof of Lemma 116.21 choose a x ,n > n such that Vfe {P x ,k — [T{ ax „}(&)])• 
Then 

Px,a x , n = [T{ 0li „}{ ,,„)] = Qa x ,„ 3 Qn, 
SO 

AeQ„ and W x C A =* |W X | < a x ,„. 
For a (necessarily) infinite set A G Ri, choose n and ft. such that 

A e Q a and /i(x) := a IjS . 

There exists g <t A such that 

_ / the first h({b}(b)) elements of A, if {b}(b) J,; 



^W \0, otherwise. 

Then g G DNR, since if g(b) = {b}(b), W {b}(b) = W g{b) Ciso 

|Wg((,)| = h(g(b)) by definition of g, but 
|W 9 ((,)| < h(g(bj) by definition of h, 

a contradiction. □ 

Lemma 16.11. For any set P G Ilj, if (x{P) > 0, then there exists a recursively 
full set Q such that P = w Q. 

Proof. Set f {k) (n) := /(fc + n) and 

P*:={/:(3fc €«)/<*> €P}. 

Clearly PCF* and P = w P* so it suffices to construct a recursively full set Q 
with P CQ C P*. For trees T and !7, set 

U + T := f/U{r^(i)^CT : t e [/ and r~(z) ^ [/ andcr GT}; 

U + T has a copy of T attached to each leaf of U. Easily 

l-n([U + T]) = (l-n([U]))(l-n([T})). 

Choose Uq such that P = [Uq], and for each n set 

U n+ i :=U n + U and Q n := [[/„], 

so 

Qo C Q x C • . • and 1 - M (<9n) = (1 - /*(P)) n . 

Since /u(P) > 0, there exists £ G w such that (1 — IJ.{P)) 1 < 1/2, so for each n, 
1 - KQtn) < 2~ n and Q := (J Q n - (J Q £n 

is recursively full. Obviously FCQ, and Q C P* since each / G Q is of the 
form er"g for g G P, so /(H) G P and hence / G P* . □ 
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Proposition 16.12. ri is the largest element of P w that contains a H® set of 
positive measure. 

Proof. Since Ri is of measure 1 and the union of H® sets, at least one of these 
P is of positive measure. P < w Ri by the preceding lemma and Ri < w P, since 
PCRj. For any other q G P w , q < ri also by the preceding lemma. □ 
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